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PREFACE. 



The variety of problems to which the Theory of Determinants 
has recently been applied renders it desirable that this branch 
of analysis should be made generally accessible. But although 
the principal theorems are familiar to the more advanced 
mathematicians, there has hitherto been no elementary work 
upon the subject, to which reference can be readily made by 
the student. 

The Theory is neither lengthy nor intricate, being in fact 
little else than a method of arrangement, by means of which 
the results of certain long algebraic processes may be discovered 
without actually effecting the operations ; and indeed, with 
the exception of a few theorems relating to the addition, 
multiplication, &c. of determinants, it may be said to consist 
entirely in its application. Like all similar calculi, it may be 
carried out into very numerous details ; but although this has 
not been attempted in the present investigations, the principal 
modifications of form and varieties of combination have been 
noticed, and the theorems throughout illustrated by examples. 
The reader will be thereby enabled generally to apply the 
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processes whenever opportunity occurs, and to comprehend 
any new theorems which may hereafter be proposed. The 
demonstrations here oiFered are principally original, although 
perhaps not diiFerent from such as may have occurred to 
others who have paid attention to the subject. 

The functions which are the subject of the present paper, 
or cases of them more or less general, have for many years 
been an object of interest to mathematicians ; in fact so long 
ago as the year 1750, Cramer, in his Introduction d P Analyse 
des lignes Courbes (Appendix), has exhibited the determinants 
arising from linear equations in the case of two or three 
variables, and has indicated the law according to which they 
would be formed in the case of a greater number. In the 
Histoire de V Academic Royale des Sciences^ Annee 1764 (pub- 
lished in 1767) Bezout has investigated the degree of the 
equation resulting from the elimination of unknown quantities 
from a given system of equations, and has at the same time 
noticed several cases of determinants, without however entering 
upon the general law of formation, or the properties of these 
functions. The Hist, de V Academic^ An. 1772, Part II. (pub- 
lished in 1776) contains papers by Laplace and Vandermonde 
relating to determinants of the second, third, fourth, &c. order. 
The former, in discussing a system of simultaneous diife- 
rential equations, has given the law of formation, and shown 
that when two horizontal or vertical rows (according to the 
notation of the present work) are interchanged, the sign of 
the determinant is changed. Vandermonde's paper is upon 
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elimination, and considering the period at wiiich it was 

written, is remarkable for its elegance; the notation, which 

is worth noticing, is as follows ; the system of quantities being 

thus represented, 

n '2 .. 'n 

n '2 .. ^n 

• • • • • 

-1 -2 . . "w 

a determinant of the nth order is written thus, 

1 I 2 I ., I n 
1 I 2 I .. I 7i 
so that 

1 I 2"" ^ ^ ^ ^ 
and so on for other orders. 

In the Memoires de V Academic de Berlin^ 1773, Lagrange 
has demonstrated that the square of a determinant of the third 
order is itself a determinant ; these formulae he applies to the 
establishment of theorems relating to triangular pyramids, 
and to the problem of the rotation of a solid body. Subse- 
quently to this. Gauss, in his Disquisitiones ArithmcHccB^ has 
shown (Section V. Nos. 159 and 270) that the product of two 
determinants is itself a determinant in the cases of the second 
and third orders. The whole of this section, which forms a 
large portion of the work, is devoted to these functions. The 
case of determinants of the second order arising from quadratic 
functions of two variables, i.e. of the form b^ — ac, or, adopting 
his notation, (a, 6, c), is very completely discussed. And besides 
the theorem above noticed, the following problem, which has 
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some connexion with determinants of determinants, is solved : 
" Given any three whole numbers a, a , a'', (which are not 
all = ), to find six others, B, B', B'', C, C, C\ such that 
B'C'-B''C=«, B''C-BC'=a', BC-B'C=aV' This 
mathematician appears to have also introduced the term 
Determinant. 

In 1812 Binet published a memoire upon this subject, and 
established all the principal theorems for determinants of 
the second, third, and fourth orders ; and has further applied 
his formulae to the discussion of rhomboids, surfaces of the 
second order, and properties of solid bodies. See Journal 
de VEcole Polytechnique^ tome ix. cahier 16. The next volume 
of this series contains a paper by Cauchy, written at the 
same time, on functions which only change sign when the 
variables which they contain are transposed. The second part 
of this paper refers immediately to determinants, and contains 
a large number of very general theorems. Amongst them is 
noticed a property of a class of functions closely connected 
with determinants, first given, so far as I am aware, by Van- 
dermonde ; if in the development of the expression 

fli a2..flr.(flr2-ai) (a^-ai) (an-a^) (at-ch) •• (a^-th) {a^-On^i) 

the indices be replaced by a second series of suffixes, the result 
will bQ the determinant 

S(± a,,i aj,2 •• dn^) 

Several papers appeared subsequently fi-om time to time upon 
various points connected with the subject; but by far the 
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most complete are two by M. Jacobi (Crelle, tom. xxii.) De 
formd et proprietatibus Determinantium^ and De DeterminanHbm 
Functionalibus. ^ In the same Journal (tom* xxxii. and xxxviii.) 
there are two memoires by Mr. Cayley, Sur les Determinanies 
Gauchesj which expression has been rendered Skew Determinants^ 
the term being adopted from the corresponding translation in 
Geometry. 

References will be found in the course of this work to other 
papers in which Determinants have been employed, all of 
which may be consulted with advantage. Besides these, there 
may be mentioned the following ; " On the Theory of Elimina- 
tion," by Mr. Cayley, Camb. Sp Dub. Math. Journal, vol. in.; 
" On a new Class of Theorems, &c." by Mr. Sylvester, Phil. 
Mag. vol. XXXVII. ; " Extraits de lettres de M. Ch. Hermite, a 
M. C. G. J. Jacobi, sur diiFerents objects de la theorie des 
nombres,'' Crelhj tom. xl. 

Besides that which is here discussed, there is another 
very interesting and apparently important theory lately pro- 
posed by Mr. Cayley relating to functions, which he calls 
Hyperdeterminants. The general question therein proposed 
is, " * To find all the derivatives of any number of functions 
which have the property of preserving their forms unaltered 
after any linear transformations of the variables.' By deri- 
vative is to be understood a function deduced in any 
manner whatever from the given function, and by hyper- 
determinant derivative, or simply hyperdeterminant, those 
derivatives which have the property above enunciated." Of 
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this nothing has been here said, but those who are desirous of 
pursuing the subject will find the principles of it laid down in 
two papers, Camb. Math. Journal^ vol. iv., and Camb. and Dub. 
Math. Joumaly vol. i., or in Crelky torn. xxx. 
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ELEMENTARY THEOREMS 



RELATING TO 



DETERMINANTS. 



§ I. — Introduction. 

BEFOftE entering upon the general Theory of Determinants, it will be 
desirable to notice a few well known formulae, which are in fact them- 
selves determinants, and which exhibit particular cases of the more 
general theorems hereafter to be estabUshed. It will thus be seen that 
the present theory involves no new principle, and that a determinant is 
nothing else than a simplified method of notation, by means of which 
transformations involving long processes of multipUcation may be 
effected at sight. As these fimctions generally occur either in direct 
connexion with linear equations, or in such a way that they may be 
resolved into a system of linear equations, it will be simplest to intro- 
duce them as so connected. Perhaps no more familiar illustration of 
the theory can be found than that afforded by the equations for deter- 
mining the centre and principal axes of a plane curve or of a surface 
of the second order. The determinants so arising are not indeed the 
most general of their class, but as this fact does not materially affect 
their forms or relations, the illustration will be as good as if their 
, character was perfectly general. 

The equations for determining the centre and principal axes of the 

plane curve whose equation is 

kx" + Cy* + 2(Ba?y + Dx + Ey) = K 

are, as is well known, 

Aa + 6/8 = D 

Ba + Cy9 = E 

(A - e)l + Bw = 

B/ + (C - e)m = 

A 
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where a /3 are the co-ordinates of the centre /, m, the direction-cosmes 
of one of the principal axes, and 9 a root of the quadratic formed by the 
elimination of / and m from the two latter equations. The quadratic in 
question is in fact the following, 

(A-^)(C-^)-B^ = 0, 

and the function forming the left-hand side of this equation is a deter- 
minant; and, being of the second order in the quantities involved, is 
called a determinant of the second order. 

The quantities involved, A — J, C — J, B, are called the constituents of 
the determinant; but, according to the method of the following pages, 
this and other like fimctions will be written not as above, but in the 
following manner, 

A-^ B 

B C-^ 

and whenever such an expression occiu^s it will be understood that the 
four constituents are to be multiplied together two and two diagonally as 
regards the square in which they are arranged, and that the difference 
of the two products will be the function indicated. It is also to be 
borne in mind that the product involving the quantity at the upper 
left-hand comer of the square is to be taken positively, and the other 
of course negatively. 

Again, from what has now been said, it is not difficult to see that the 
determinant 

A B I 
B C I 

may be considered as that ftmction which when equated to zero would 
express the result of the elimination of /, m, from the two linear 
equations 

A/ + Bm = 

BZ -f Cm = 

or it may be considered as expressing the common denominator of the 
values of a and /3 deduced from tibe equations 

Aa + B/8 = D 
Ba + C/3 = E 
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Two other determinants occur in the solution of these equations, 
which it may be worth the reader's while to verify ; they are as follows, 



A B 


a = 


D B 


A B 


/9=- 


D A 


B C 




E C 


B C 




E B 



As a further exercise these latter equations may be solved with 
respect to u and /3, and by dividing out the common factor 

A B 
B C 

the original equations reproduced. The following equations may also 
be verified, 



A B 


= — 


B A 


= - B C 


n 


C B 


B C 




C B 


A B 




B A 



so that in detenninants of the second order, by an interchange of two 
horizontal or vertical rows the sign of the determinant is changed ; and 
by two such interchanges the original sign is of course restored. 
Again, 



A B 
A B 



= 



A A 
B B 



= 



and consequently if either two vertical or two horizontal rows become 
equal, the determinant vanishes. 
Again, 



A + A' 
B + B' 



B + B' 

C + C 



= 


A B 
B C 


+ 


A B' 
B C 


+ 


A'B 
B'C 


+ 


A'B' 
B'C 



i. e. the determinant, each of whose constituents is the sum of two 
others, is equal to the sum of the four determinants formed by taking 
the eight constituents four and four together, each constituent retaining 
its position in the square. As a corollary the following may be noticed : 



A + B 
B + C 



B 
C 



= I A B 
B C 



It may also be shown that 



A B 
C B 



Al 
CI 



B, 



A B 
B C 



A« + B* AB + BC 
AB+ BC B« + C^ 

Returning to the determinant arising from the equations for deter- 
mining the principal axes of the plane curve, it will be found by actual 
mxiltiplication that 

AC - B« - (A + C) ^ + e^ = 

k2 
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which may also be written thus, 

AB|-(A + C)<? + ^ = 
B C I 

so that the term independent of fl is the determinant formed by putting 
*=0 in the given determinant; the coefficient of i is the sum of the 
quantities lying in the same diagonal with i, and the coefficient of S^ is 
unity. The coefficients of the powers of 6 are of course alternately 
positive and negative. 

Proceeding to three dimensions, the centre and principal axes of a 
surface of the second order will be determined by the equations 

Aa + H/8 + G7 = L 
Ha + B/8 + Fy = M 

Ga + F/3 + Oy = N 

(A - d) / + Hm + Gb = 
HZ + (B - ^) m + Fb = 
0/ + FOT + (C - (?) « = 

Analogously to the case of two dimensions, the result of the 
elimination of /, m, n from the latter system will be thus expressed, 



A-tf H G 
H B-e F 
G F C-0 



= 



and the common denominator of the values of a, j3, y deduced from the 
first system, thus, 

A H G 

H B F 

G F C 

but by actual elimination it would be fi>und that this expression is 
equivalent to 

ABC - AF^ - BG* - CH» + 2FGH 

or, by what has been said above respecting determinants of the second 
order, 



= A 



B F 
F C 



+ H 



F H 
C G 



+ G 



H B 
G F 



which gives the law of the formation of determinants of the third order 
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from those of the second ; and they are in feet the sum of the products 
of each quantity in the top horizontal row and the determinants formed 
by the four quantities which lie two and two in each of the lower hori- 
zontal rows, and two and two in each of the vertical rows in which the 
quantity first chosen does not lie ; the vertical rows are to be taken in 
the usual cyclic order, viz, (1) the second and third, (2) the third and 
first, (3) the first and second. 

The theorems corresponding to those noticed in two dimensions may 
be verified without difficulty, as also may the following, which will not 
be found laborious if, as is probable, the reader is tolerably familiar 
with the usual formulas in algebraical geometry. 



1 C G 




G A 


= 


A H G 


"1 G A 




F H 


i 


H B F 


G A 


A H 1 i. 


G F C 


F H 




H B 


II 





In this expression it is to be observed that the constituents of the 
determinant are themselves determinants; and the equation may be 
verified by developing both the determinant itself and the determinants 
which form its constituents ; the order in which the developments are 
effected is of course arbitrary. 



B F 




F C 1 


HB 


^^ 


A H G 


F C 


Ih g 1 


G F 




H B F 


F C 




C G 


G A 




G F C 


HG 




G A 


F H 




H B 1 


GA 


A H 




G F 




F H 


H B 


1 





This expression is again a determinant whose constituents are them- 
selves determinants, and the equation may be verified in a variety of 
ways. The constituent determinants may be first developed, and after- 
wards the determinant whose constituents they are, or vice versa, first 
the determinant and then the constituent determinants, and in either 
case the result must be compared with the development of the expression 
on the right-hand side of the equation. It will however be less 
laborious, and more in accordance with the methods hereafter laid 
down, to employ the formulae already established, and thereby avoid 
a complete development of the expressions. We should then proceed 
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as follows ; in the same way that the preceding equation was verified, 
the following may be also established, 



G A 




F C 


F H i 


HG 


A H 


H B 1 


H B 




G F 1 



A H G 
H B F 

G F C 



H 



F C 




C G 


= 


A H G 


HG 




G A 




H B F 


H B 1 1 G A 1 




G F C 


G F 




F H 







G 



and consequently the determinant to be developed may be thus 
expressed, 

{1 



B F 
F C 



+ H 



F C 
H G 



+ G 



H B 
G F 



A H G 
H B F 
G F C 

but the expression within the brackets is, as was before shown, equal 
to the determinant outside the brackets ; so that the whole expression 
is equal to the square of that determinant, as was to be proved. 



A« + H- + G* 
(A + B)H + FG 
(C + A)G + HF 



(A + B)H + FG 

ff + B» + P 
(B + C)F + GH 



(C + A)G + HF 


:= 


A H G 


(B + C)F + GH 




H B F 


G^ + F^ + C^ 




G F C 



The point in this expression to be particularly remarked is, that 
each constituent of the determinant on the left-hand side of the equation 
is the sum of the constituents which lie in one of the horizontal rows of 
the determinant on the right-hand side multiplied respectively by the 
corresponding constituents in either the same or another horizontal 
row. Thus for the first vertical row on the left-hand side, there is 
formed, ( 1 ) the sum of A, H, G multiplied respectively by A, H, G ; 
(2) the sum of A, H, G multiplied respectively by H, B, F ; (3) the 
sum of A, H, G multiplied respectively by G, F, C ; and similarly 
for all the other vertical rows. 

And the determinant involving & may be written thus, 



A H G ; 
H B F 


1 B F 

.! F C 


+ 1 C G 

; G A 


+ A H 
H B 


G F C 1 









||e+(A + B+C)^-^=0 



So that the tenn independent of 6 is the determinant of the third 
order, formed by putting 9 = in the given determinant ; the coeflicient 
of 6 is the sum of the determinants of the second order formed by 
omitting in turn the horizontal and vertical rows passing through the 
quantities. A, B, C ; the coeflScient of 6^ is the sum of A, B, C, i.e. 
of the quantities lying upon the same diagonal with 6 in the given 
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determinant ; and the coefficient of fi is unity. The coefficients of 
the powers of 4 are, as in the case of two dimensions, alternately positive 
and negative. 

Another well-known instance of formulae which give rise to deter- 
minants is that which occurs in the transformation of co-ordinates, 
especially when the transformation takes place in three dimensions- 
Thus to pass from one set of axes (or, ^, z) to another (f, ij, ?), we have 
the equations 

^ =z Ix -{■ my + nz 
ij = I'x + w!y + liz 

and conversely to pass from the system (f, ij, ?) to (or, y^ z\ we should 
have the inverse system, which may be thus written ; 



where 



^ m R 


vy= 


f« / 


V? = 


il m 


11 ml n' 




ri n' r 




V r m' 


f m" n" 


> 


f n" r 


> 


r r m" 



v = 



/ 


m 


n 


r 


m' 


«' 


r 


m" 


n" 



if both systems of axes are rectangular, the usual expression becomes 

V= ±1 
It may frirther be observed that in all these determinants the same 
result will be obtained by developing according to the vertical instead 
of the horizontal rows. Thus the first stage of the development of 
V may be either 



or 



As a last example it may be noticed that the ordinary relations 
between the direction-cosines of two rectangular sets of axes may 
be expressed as determinants ; thus the equations 

/? + mm' + n»' = P + m* + n* = 1 



/ 


m' »' 


+ »» 


«' t 


+ n 


r m' 




m" n" 




n" r 




r m" 


/ 


m' n' 


+ f in"n" 


+ r 


m n 




m" n" 




tn n 




m' «' 
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may be written as follows, 



1 ; 


= 0, 


too; 


= — 1, or 


10 0/ 


1 m 




I m 




1 Om 


1 n 




1 n 




1 n 


e m' n' 




/ m n 




I m n \ 



= 



The form of these determinants, which are of the fourth order, might 
be discovered by eliminating four unknown quantities from four homo- 
geneous linear equations ; but as this is a rather long process, it may 
be. assumed, as will hereafter be proved, that a determinant of the 
fourth order is formed by multiplying the constituents of the top 
horizontal row respectively by the determinants of the third order 
formed from the three remaining horizontal rows, three out of the four 
vertical rows being successively selected in the usual cyclic order ; the 
products so formed are to be taken alternately positive and negative, 
as in the case of determinants of the second order. 

By these exercises, and any others which may suggest themselves, 
the reader will have become suflSciently acquainted with the nature and 
object of the method to enter upon the general theory, to which we 
now proceed. 



§ j[L — On the Formation of Determinants. 

In order to designate a certain system of objects, quantitative or 
other, it is usual to employ either different letters, such as 

a, £, c, • • 
or the same letter with accents or suflSxes, as 

A, n y n y • * 

^ ^n ^ • • 

a second suflSx being introduced when necessary, as 

• • • • 

this notation being especially useful when the number of letters is of the 
form mn, since they may then be arranged in m vertical and n horizon- 
tal, or n vertical and m horizontal rows ; in the case when m and n are 
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equal the letters may of course be arranged in a square. It is, however, 
more simple and not less general to write down only the suffixes, 
omitting the letters to which- they are supposed to refer ; so that a 
system of n^ letters will be thus expressed, 

(M), (1,2), . . (l,n), 
(2,1), (2,2), . . (2,n), 

• • • • • 

(n, 1), (n, 2), . . (n, n> 

These symbols are perfectly general, and indicate the position in some 
primary arrangement to which they severally belong. Thus, any 
symbol (/?, q) in such a system would be that which originally stood in 
the pth horizontal and qth vertical row, counting from the top and the 
left hand respectively. It must, however, be carefidly borne in mind 
that the numbers employed in these symbols have nothing whatever to 
do with the nature of the quantity or operation whose position they 
determine, and that consequently the symbols ip^q) and (qyp) have in 
general no relation or connexion with one another. 

These symbols will form the constituents of the determinants in the 
foDowing investigations, and their natural order of arrangement will be 
that of the table given above. It will be noticed that the symbols 
(1,1), (2,2), . . wiU then foim the diagonal row corresponding to that 
of A,B, . ., in the cases noticed in the first section, and tnat to pass from 
a horizontal to a vertical row, or vice vers4, it is only necessary to 
interchange the two numbers in each of the constituents, i. e. to write 
(q^p) for (pyq), or (p^q) for (q^p). In the equations for determining the 
centre and principal axes of a plane curve, n = 2 ; in the corresponding 
case with respect to surfaces of the second order, n = 3, and in both 
cases 

i.e. 

(2,3) = (3, 2), (3, 1) = (1, 3), (1, 2) = (2, 1) 

while in the equations for the transformation of co-ordinates these latter 
conditions are not fulfilled ; but as the nature of the arrangement is 
perfectly obvious it is needless to give further explanation. 

A determinant may now be defined by the following equations, each of 
which is comprised in that which succeeds it. The general expression 
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for a determinant of the nth order is given below ; but those of the 
orders, 1, 2, 3, 4, . . with their corresponding development, have been 
written down first for the sake of clearness. 



I (1,1)(1,2) 
I (2,1)(2,2) 

(1,1)(1,2)(1,3) 
(2,1)(2,2)(2,3) 
(8,1)(3,2)(3,3) 



I (1.1) I = (1.1) 
= (1,1) I (2,2) I -(1,2) I (2,1) I =(l,l)(2,2)-(l,2)(2,l) 



= (M) 



(2,2)(2,3) 
(3,2)(3,3) 



+ (1,2) 



(2,8)(2,1) 
(3,8)(3,1) 



+ (1,3)|(2,1)(2,2) 
I (3,1X8,2) 



= (1,1) (2,2) (3,3) - (1.1) (3,2) (2,3) + (1,2) (2,3) (3, 1) 
- (1,2) (3,3) (2,1) + (1,3) (2,1) (3,2) - (1,3) (3.1) (2,2) 



(1,1)(1,2)(1,3)(1,4) 
(2,1)(2,2)(2,3)(2,4) 
(3,1) (3,2) (3,3) (3.4) 
(4,1) (4,2) (4,3) (4,4) 

+ (1.3) 



= (1.1) 



(2,2) (2,8) (2,4) 
(3,2) (8,3) (3,4) 
(4.2)(4,8)(4,4) 



- (1.2) 



(2,3) (2,4) (2,1) 
(3,3)(3,4)(3,1) 
(4,3) (4,4) (4,1) 



(2,4) (2,1) (2,2) 
(3,4) (3,1) (3,2) 
(4,4)(4,1)(4,2) 



- (1.4) 



(2,1) (2,2) (2,8) 
(3,1) (3,2) (3,8) 
(4,1) (4,2) (4,8) 



= (1,1)(2,2)(3,3)(4,4) - (1,1)(2,2)(4,3)(3,4) + (1,1)(3,2)(4,8)(2,4) 

- (1,1)(8,2)(2,3)(4,4) + (1,1)(4,2)(2,3)(3,4) - (1,1)(4,2)(3.3)(2.4) 

- (1,2)(2,3)(3,4)(4,1) + (1,2)(2,3)(4,4)(3,1) - (1,2) (3.3) (4,4) (2,1) 
+ (1,2)(3,8)(2,4)(4,1) - (1,2)(4,8)(2,4)(3,1) + (1,2)(4,3)(3,4)(2,1) 
+ (1,3)(2,4)(3,1)(4,2) - (l,8)(2,4)(4,l)(3,2) + (1,3)(8,4)(4,1)(2,2) 

- (1,3)(3,4)(2,1)(4,2) + (1,3)(4,4)(2,1)(3,2) - (1,8) (4,4) (8,1) (2.2) 

- (I,4)(2,l)(8,2)(4,3) + (1,4)(2,1)(4,2)(3,8) - (1,4)(3,1)(4,2)(2,3) 
+ (l,4)(3,l)(2,2)(4,3) - (1,4)(4,1)(2,2)(3,3) + (1,4)(4,1)(3,2)(2,3) 

The law of formation of these functions will be sufficiently obvious, 
if it be noticed that when the number of rows (horizontal or vertical) 
is odd the terms in the first stage of the development are all positive, 
and when the number is even the terms are alternately positive and 
negative. It would be found on trial that this determinant of the 
fourth order is the common denominator in the expressions for four 
unknown quantities determined by four linear equations whose coeffi- 
cients are the° constituents of the determinant; or, that the same 
determinant, when equated to zero, is the result of the elimination of 
the same unknown quantities from the same equations, when their 
second members vanish. 
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The construction of determinants of the ^th order, and their con- 
nexion with linear equations, are precisely the same as those of the 
particular cases above noticed. This may be shown either by forming 
the common denominator in the solution of a system of linear equations 
haying second members, or, which is the same thing, by finding the 
condition that those equations may co-exist when their second members 
vanish ; a process which would show that the functions so constructed 
are formed according to the same law as the determinants of the 
orders 1, 2, . . ,, given above ; or, again, since the law by which determi- 
nants of the orders 1, 2, . . are constructed is sufficient for the formation 
of a determinant of the order w, we may proceed in the inverse order, and 
construct a function of the same kind as those of the orders 1,2,.. 
and then prove that it is identical with the common denominator, or 
the result of the elimination from the above-mentioned system of 
equations. Adopting the latter course, the function in question will 
be written thus, 

(1,1)(1,2) .. (l,n) 

(2,1)(2,2) .. (2,n) 

(n,l)(n,2) .. (n,n) 

the law of formation being as follows, 
V = (U) 



(2,2)(2,3).. 
(3,2)(3,3).. 


(2,n) 
(3,n) 


± (1.2) 


(2,3)(2,4) .. (2,1) 
(3,3)(3,4)..(3,1) 


(«,2)(«,3) .. («,ii) 




(n,3)(n,4)"(»,n) 


+ •• ± (l,n) 


(2,l)(2,2)..(2,n-l) 
(3,1){3,2) .. (3,«-.l) 






(«,!) 


(«,2) .. (r 


mi-1) 





the upper signs being taken when the number of rows (horizontal or 
vertical) is odd, and the lower when it is even. 

It is easily seen by the law of its formation, that a determinant is 
the sum of a series of homogeneous products, and M. Jacobi and others 
have in consequence adopted the following notation, 

V = 2±(l,l)(2,2)...(a,n) 
so that by the right-hand side of this equati<ni is indicated the sum 
of terms formed by all possible interchange of the first and second 

B 2 
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members of the binary combinations, (1,1), (2,2), • . (n,w), subject to 
the condition that in each product all the first members shall be different, 
and likewise all the second members ; the sign of each product being 
+ or — , according as it is deducible from 

(1,1) (2,2).. (n,n) 

by an even or odd number of interchanges of the first (or second) 
members. This will become apparent if another step in the development 
of V be eflFected ; the first two terms of the series may then be written 



{(1,1) (2,2)^(1,2) (2,1)} 



(8,3) (3,4) 
(4,3) (4,4) 



(3,«) 
(4,11) 



(w,3) (M) •• (fhn) 



So that the single interchange of 1 and 2, producing the product 
(1,2) (2,1) firom (1,1) (2,2), gives rise to one change of sign; and each 
subsequent interchange will similarly produce one change. Moreover, 
since each term will contain one (and only one) constituent from each 
horizontal row, and also one (and only one) from each vertical row, it 
easily follows that 

Theorem I. If the wfwle of a vertical or horizontal row be multi- 
plied by the same qtuintityj the determinant is multiplied by 
that quantity. 

The notation above mentioned, as well as that adopted throughout 
the present paper, has the advantage of expressing something concerning 
the nature of the determinant ; but for a mere abbreviation the following 
is convenient, 

I 1,2, ..n I 

and will be occasionally used. 

The same property which gave rise to Theorem I. also leads without 
difficulty to that expressed by the fbUowing equation, 



(I,l) + (l,iy(l,2)..(l,n) 
(2,i)+(2,lX(2,2)..(2,n) 



(1,1) (1>2)- 
(2,1) (2,2). 



.(l,n) 
.(2,n) 



(7i,l)+(«,iy («,2)..(n,n) (n,l) (ii,2)..(ii,n) («,iy («,2)..(ii,«) 



(l,iy (l,2)..(l,n) 
(2,iy (2,2)..(2,n) 
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A more general form of which is easily seen to be also true, thus, 

(1,1) + (l,iy+ ..(1,2) + (l,2y+ .. .• (l,n) + (i,ny + 
.(2,2) + (2,2y + 



(2,i) + (2,iy+ 

(n,l) + (n,iy+..(ii,2)+(n,2y + 



(M)(i.2). 
(2,1) (2,2). 



(2,n) 



(ii,l)(«,2).. («,n) 



(l,iy(l,2). 
(2,iy(2,2). 



(2,«) 



(«,!)' (71,2).. (11,11) 



(2,n) + (2,7iy+.. 
(n^n) +{n,ny+.. 

(My(i>2y- 

(2,iy(2,2y. 



(MX 



(«,!)' (ii,2r..(ii,nr 



Hence the following theorem may be enunciated : 

Theorem II. TTie determinant each of whose constituents is the 
sum of several others is eqiuil to the sum of the determinants 
formed by all possible combinations of vertical rowsy one being 
taken out of each pair found in the given determinant. 

If the number of terms in the first vertical row be p^ that in the 
second q^ and so on, the number of determinants will hepq , . . 

It may further be observed that if any vertical row of constituents, 
such as (1,1)', (2,1) v., be identical with any other, such as (1,2)', 
(2,2)', . . , the determinant containing those rows will vanish* 



§ HI. — Transformation of Determinants. 

It was seen in the preceding section that a determinant is the sum of 
all possible combinations formed by taking one, and only one, consti- 
tuent from each horizontal and each vertical row (the proper signs 
being affixed to these products) ; and it therefore foDows that the 
absolute value of the determinant will not be altered by an interchange 
of all the first and second members of each of its constituents, i.e. by 
writing {q^p) for (p,^) throughout ; nor wiU the sign be changed, for 
if it were, the sign of each term would be so also ; but in the trans- 
formed expression the term 

(1,1)(2,2) ..(!»,«) 
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retains the same sign as before; so that the transformed determinant 
^rill be equivalent to the orig^al one ; i.e. 



(1,1) (1.2) 
(2,1) (2,2) 



(l.») 
(2,n) 

(7i,n) 



(1.1) (2,1) 

(1.2) (2,2) 



(«.l) 
(n,2) 



(l,n)(2,») .. (n,n) 



(«,l)(ii,2) 

Hence, 

Theorem III. TTie value of a determinant is not altered if the 

horizontal rows are tvritten vertically j and the vertical hort- 
zontally. 

Again, it is seen from the expressions developed in § II. that in deter- 
minants of the orders 1, 2, . ., if two vertical (or horizontal) rows be 
interchanged the 3ign of the determinant itself is changed ; and if this 
hold good for determinants of the (n — l)th order, the signs of all the 
determinants on the right-hand side of the expression for v, with the 
exception of the two consecutives, each of which contains only one of 
the rows in question, will always be changed. 

The pair of terms (before the interchange of rows) is 



(M - 1) 

(a) 



(l,i)(M+l).-(M-2) 
(2,t)(2,t+l)--(2,i-2) 

. • • • • 
(n,t)(B,t + l)..(n,»-2) 



(1,0 
(/9) 



(M+l)(l,i + 2) 
(2,t+l)(2,» + 2) 



(M-1) 
(2,«-l) 



(a,t+l)(n,t + 2)..(B,t-l) 



and have the same or different signs, according as n is odd or even. 
They become by the interchange 



(1,0 
(J) 



(2,f 



l)(M+l) 
1)(2,.+ 1) 



(M-l) («,»•+!) 



(l,.-2) 


(l,i-l) 


(M-2) 




• 


iP) 


(«,»•- 2) 





(M+l)(l,t + 2). (1,1) 
(2,t + l)(2,» + 2)..(2,0 

• • •• • 

(n,i + l)(n,i + 2)..(ii,0 



Now if w be odd, these expressions have in their present forms the 
same explicit signs (both + ) as (a) and (/3) ; but when we remove the 
first vertical row in each determinant to the end, their sign is changed. 
If 7^ be even, the removal of the first row to the end does not change 
the sign, but then («' ) and (jS') acquire opposite signs to (a) and (j3) by 
the first interchange of rows. 

So that whether n be odd or even the result will be a change of sign, 
and consequently the sign of the whole determinant will be changed ; 
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and since this is the case for any two consecutive rows, it will be the 
case for any other pair of rows, since one of the pair will have to make 
an odd number and the other an even number of interchanges ; hence 
finally, 



(l,])(l,2)..(l,i)..(V).-(M) 
(2,l)(2,2)..(2,i)..(2J)..(2,«) 



(1,1) (1,2).. (V)..(l,l).. (1,71) 

(2,l)(2,2)..(2^)..(2,t)..(2,n) 



(n,l ) (11,2) . • {nj) . . (n,i) . • {riyn) 



(n,l ) (71,2) . . (7l,t) . . (TlJ) . . (j«,7l) 

Hence, 

Theorem IV. If two vertical or horizontal rows are interchanged 
the sign of the determinant is changed. 

and consequently, when two vertical (or horizontal) rows become 
identical, the determinant wiU be equal to itself with its sign changed, 
in other words it will vanish, i.e. 

(l,l)(l,2)..(l,.-)..(l,t)..(l,7i) =0 
(2,1) (2,2).. (2,0 ..(2,1).. (2,71) 
• ••••••• •• 

(n,l ) (b,2) . . (n,») . . («,i) . • («,n) 

Hence, 

Theobem V. If two vertical or horizontal rows become identical, 
the determinant vanishes. 

In certain cases a determinant degenerates into the product of two 
others ; thus, if 

(1,1 ) = 0, (i,2) = 0, . . (i,t — 1> = 
(t + 1,1) = 0, (t + 1,2) = 0, .. (i+l,t - 1) = 



(«,!) = 0, (b,2) = 0, 
then the determinant 

(1,1) (1,2) 

(2,1) (2,2) 



(1,0 
(2,0 



(«,»• - 1) = 



(M) 

(2,n) 



(t-l,l)(t-l,2)..(t-l,f)..(t-l,n) 
* * •• (m) •• («,«) 

• • •• ••• « 

» » •• (n,i) .. («,«> 
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may be successively reduced until the determinant 

(t,t) (t,t + l) •• (t,n) . 
(t + l,t)(£+l,t+l) .. (i+ l,n) 

• • • • • 

(n,i) (n,t + l) .. {n,n) 

is a common factor of all the terms, the other determinants of the order 
n — i vanishing, for at the (i — l)th stage of reduction there will 
remain only the determinants formed from the (n — i + 1) lower rows ; 
but since there are only (n — i + 1) vertical rows in this group, there 
can be only one determinant, viz. that mentioned above. Again, taking 
the first vertical row as the primary, aod developing, it wo\ild be found 
that the determinant may be reduced imtil 

(1,1) (1,2) .. (1,1-1) 
(2,1) (2,2) .. {2,i+l) 

(f-l,l)(t-l,2)..(f-l,t-l) 

is a common factor ; but as the whole determinant is homogeneous, and 
of the order n, it follows that its absolute value is equal to the product 
of these two last determinants ; moreover the sign of the product will 
be the same as that of the given determinant, since the signs of the 
terms 

(1,1) (2,2) .. («,«) 

(1,1) (2,2) ..(1-1,1-1) 

(t,t)(t+l,t+l) •• (n,n) 



are all + ; hence 



(1,1) 
(2,1) 



(1,2) 
(2,2) 



(t-1,1) (.--1,2) 



(1.1) 
(2,1) 



(1.2) 
(2,2) 



(V-1) 
(2..--1) 



(f-1,1) (i- 1,2).. (.-1,1-1) 



(1,0 
(2,»-) 

(t-l,») 
(hi) 

(«,«) 
(f,0 



(1,«) 
(2.H) 

• 

(l-l,n) 
(i,«) 

i'V) 

(v+1) 



(t+l,t) (1+1,1+1) 
(n,i) («,t+l) 



(«'+l,n) 
(w,«) 



and similarly, if another set of constituents vanished, one of these 
latter determinants would be equal to the product of two others, and 
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the whole determinant would be equal to the product of three deter- 
minants, and so on. 

Hence, 

Theorem VI. If in the last (n - i) horizontal rows of a deter- 
minant ally excepting the last (n — i) vertical rowsy vanish, 
the determinant will be eqical to the product of the determinants 
formed respectively from the first i and the last (n — i) fiori- 
zontal and vertical rows. . 

This theorem involves also the following : 

Theorem VII. If in one of the parallelograms which is a complement 
of two sqicares about the diagonal of a determinant all the 
constituents vanish, then all tfiose in the other complement may 
be put = 0, without altering the valice of the determinant. 

Amongst other particular cases the following may be noticed, 

1 * •• * * •• * = (1,1) (1,2) •. (I,n) 
* 1 •• * * •• * (-2,1) (2,2) .. (2,n) 



** ..(1,1)0,2) 
** ..(2,1) (2,2) 



* * 



(ny\) (n,2) 

(M) (1,2) 
* (2,2) 



(2,«) 



(«,w) 



(w,l) (n,2) .. (n,n) 



(1,«) 
(2,«) 



= (1,1) . (2,2) . .. (fiyn) 



which will suggest many others. 

The principles of the present and preceding sections enable us also to 
establish another theorem ; consider the determinant | 1,2, . . n | , and 
let oiy$y . . Vy/che any whole numbers such that 

a-f /S+ .. +v + K=n 

then by taking a vertical rows out of the first a horizontal rows, and 
forming the determinant. 



(1,1) (1,2) 
(2,1) (2,2) 

(«,l)(a,2) 



(ha) 
(2,a) 

(a,a) 
C 



= I 1.2,. 
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and, siinilarly, taking the next /3 vertical rows out of the next /3 hori- 
zontal rows, and forming the determinant 



(a+l,o+l)(o+l,a+2) •• (a+ l,/8) 
(0 + 2,0+1) (a+2,a+2) -. (o+2,/9) 



= I 0+1,0 + 2, .. /3 I 



(i8,o+l) (/3,o+2) .. (/9,/S) 
and so on, until last k vertical rows be taken out of the last « hori- 
zontal rows ; then forming the determinant 



(i'+l,j'+l)(j'+l,v+2) .. (v+l,«) 
(»'+2,r+l)(». + 2,i'+2) .. (v+2,/«) 



= I i»+l,» + 2, 



(«,r+l) (k,v+2) •• («,«) 
it is clear that the product of the determinants will give all the 
terms arising from the constituents which lie on the squares about the 
diagonal of | 1,2, . . n | ; and by extending the sign of sununation 
to all combinations in which no vertical row is twice employed, all 
the combinations in the determinant | 1, 2, . .n\ will be produced; 
and if moreover the sign of the product be made positive or 
negative, according as it requires an even or odd number of inter- 
changes of vertical rows in | 1,2, . . n | to bring the determinants 
so formed all upon the diagonal of | 1,2, . . « | , there will result, 

jl,2, ..«| =2{± 11,2, ..o||o+ 1,0 + 2, ../3| .. |v+ l,i' + 2, ..«|} 
Hence the following theorem : 

Theorem VIII. If in a determinant of the nth order «, fi, .. ic be 
whole numbers such that « -I- ^ . . + « = », the determinant 
mmf be expressed as the sum of the products of the determinants 
formed from all the groups of a vertical rows in the frst 
a horizontal rows ^ from all the groups of /3 vertical rows in the 
nest ^ horizontal rows, and so on, it being observed thai no 
vertical row is to be twice employed. 



Thus for example ; 



(1.1)(1.2) 
(2,1)(2,2) 

(I,l)(1.8) 
(2,1)(2,3) 



(8.3)(3,4) 
(4,3)(4,4) 
(3,2)(3.4) 
(4,2)(4,4) 



(1,1) (1,2) (1,3) (1,4) 
(2,1) (2,2) (2,3) (2,4) 
(8,1) (3,2) (3,3) (3,4) 
(4,1) (4,2) (4,3) (4.4) 

(l,3)(l,4)ll(3,l)(3,2) 
(2,3)(2,4)|1(4,1)(4,2) 



(1.2)(1,3) 
(2,2)(2,3) 



(3,4)(3,1) 
(4.4)(4,1) 



(1.1)(1.4) 
(2,1)(2,4) 

(1.2)(1,4) 
(2,2)(2,4) 



(3,2)(3,3; i 
(4>2)(4,3) 
(3,1)(3,3) 
(4,1)(4,3) 
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The following are examples of the application of these theorems : 
Let there be four planes intersecting in a point, two of them passing 
through the axis of z^ their equations will then be 

Ix 4- >ny + nz -^ A = 
/|X + myjf + iii^: + A| = 
^2^^ -f m^y = 

and the determinant formed from them will degenerate into the product 
of two others, thus. 



l<2 Tll% 



n k =0 



which is satisfied by either of the following equations, 



4^2 

4 wis 



= 0, 



71 A = 

Ux All 



the first of which is the condition that the third and fourth planes shall 
coincide; the second expresses that the four planes intersect in the 
axis of 2? at a point where 

n n, 
Hence, either the four planes intersect in this point, or the third and 
fourth coincide. 

As another example ; the equations to a cone and its reciprocal have 
been shown to be 

Ax« + By* -h Cz« + ^Yyz + Gzx + Hxy) = 
A H Gf =0 
H B F 17 
G F C ? 
f 17 ? 

and if 

A^O, BsO, H:r=0 

the first degenerates into the two planes, 

z = 0, 2Ga: + 2Fy + Cz = 
and the second into the two coincident planes. 



Gf 

F 17 



G F 

f 1 



Gf 

F 17 



= 



which are perpendicular to both of the former planes, as they should 
be. 



c« 
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§ IV. — On the Connexion between Determinants and Linear 

Equations. 

It was seen above that determinants of the order 1,2, . . are the 
results of the elimination of 1, 2, . . variables from the same number of 
linear equations ; suppose that this holds good for n variables, then 



(1,1) (1,2).. (l,n) 
(2,1) (2,2).. (2,n) 



= 



(n,l) (n,2) .. («,«) 
will be the result of the elimination of jTi, x^, - . x^ from the equations 
(l,l)xi + (l,2)xa + .• + (\,n)x^ = 
(2,1 )ar, + (2,2)x2 + • • -h (2,n)ar, = 

• • • • .1 

(71,1 )ari + {nfi)x^ -t- •• + {n,n)zn = 

If, however, the second members of these equations instead of being 
zero are Wi, t^, . . t^«, the system may be written thus, 

( (1,1) - J^) :r. + (l,2)xa + .. H-(l,n)x. = 

( (2,1) - ^ ) or, + (2,2)0?, + . . + (2,n):r, = 
• • • • « 

( (h,1) - ^) ar, + (n,2)xt + • • + (n,n)x, = 
and the following determinant deduced, 



(1,1) -!!i (1,2).. (l,n) 
(2,1)-!^ (2,2).. (2,«) 



(n,l) - ?S (n,2) .. («,») 



= 



or by Theorem I. 



(1,1) (1,2) .. (1,«) 
(2,1) (2,2).. (2,n) 

• • • • • 

.(n,l)(n,2) .. (n,n) 



'i = 



«,(l,2)..(l,n) 
«,(2,2) .. (2,i») 

• • • • 

u» (n,2) • . (n,n) 
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with similar expressions for jr,, x^, • • *„ » so that the given equations 
are completely solved. If moreover 

K, = - (1,0 )x, ttj = - (2,0 )ar ..«,= - {nfi)x 

it would be found, by the method employed above, and by Theorem IV., 
that 



(M) (1.2) 
(2,1) (2,2) 



(l.«) 
(2,«) 



(1,2) (1,3) 
(2,2) (2,3) 



(1,0) 
(2,0) 



(1,2) (1,1) 
(2,0) (2,1) 



(l,n-l) 
(2,n-l) 



(n,l) (n,2) •■ {n,n) (»,2) (b,3) •• («,0) (n,0) («,!) •• (n.«-l) 

the upper or lower signs being taken according as (n + 1 ) is odd or 
even. And if in addition to the given equations there exist the 
relation 

(0,0)x + (0,l)ar,+ •• +(0,n)ar,= 

the substitution of the values of the ratios x: x^: • . x^ from the 
previous equations will give rise to the determinant 

(0,0) (0,1) .. (o,n) I =0 

(1,0) (1,1) .. (l,n) ! 

(»,0)(n,l) .. {n,n) \ 

which is therefore the result of the elimination of or, or,, . . x^ from the 
(n + 1 ) linear equations 

(0,0)1 + (0,1 )jr, + .. + (0,n)x, = 
(l,0)x+ (l,l)x, + .. +(!,»)*, = 

(«,0)r + (71,1 )ar, + •• + (n,n)x^ = 
And as it has been shown that this holds good in the cases where 
n = 1, n = 2, . ^ it follows, 

Theorem IX. A determinant of the order n is in general the 
result of the elimination qfn variables from n linear equations j 
whose coefficients are the constituents of the determinant. 

Conversely, 

Theorem X. If a determinant of the nth order vanishes, a system 
of n homogeneous linear equations^ the coefficients of which 
are the constituents of the given determinant, may always be 
established. 
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= 



By Theorem III. it also appears that this theorem holds good whether 
the determinant be resolved according to its vertical or its horizontal 
rows. 

This being the case, recourse will be had to the properties of linear 
equations whenever they will simplify the establishment of theorems 
relating to determinants. 

Besides the cases noticed in the introductory section, the following 
are examples of this theorem. 

The condition that three straight lines may be parallel to one plane 
will be given by the elimination of or, .y, Zj from the equations, 

& -h iwy + «^ = 
lix + niiy + niz = 
/jO? + m^y + n^ = 

i.e. by the determinant 

I m n 
li nil Hi 

The condition that four planes may pass through a point will be 
given by the elimination of ir, y, z^ from the equations 

/|X + mil/ -h Wi;? 4- A, = 

I»c + m^ + %» + A3 = 
i.e. by the determinant 

I m n k 
li mi Wi ki 
1% tn^ n^ ^ 

all of which when developed will be 
conditions. 

The following example is of frequent occurrence in geometrical 

questions. To find the equation to the cone reciprocal to the cone 

Aar« + Bj^ + Cz^ + 2 (Fyz + Gzx + Hxy) = 

If f, ij, ? be the co-ordinates of a point on the reciprocal cone, the 

conditions that the radius vector of this point shall be perpendicular 

to the tangent plane along the line containing the point (or, y^ z) will be 

Ax + Hy + Gz + ^f = 
Hx + By + F^r + fty =5 
Gx + Fy + Cz + flf = 
^x + ijy+ ^ =0 



= 



:bund to agree with the usual 
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Hence eliminating ^, y, 2?, J, together, the equation to the reciprocal 
cone will be 

AHGf =0 
HB F17 
G F C? 

The equation to the giren cone may also be thrown into the form 
of a determinant; for writing the above equations in the following 
manner, 

^f + + -h Aa? + Hy + G;? = 

+ ^ + + Ha? + By+F2; = 

+ 4- ^? + Gx + Fy + Cz = 

^(*f + !/V + zO +0 =0 

and eliminating Jf , flij, J?, there results 

100Aa? + Hy + Gz =0 
1 Hx + By + Fz 
1 Gx -f Fy + Cz 
z y z 

the same method is obviously applicable to any surface of the second 
order, and the equation 

Ai:« + By» + Cr« + 2(Fyz + Gzz + Hxy) + Lx+My + Nz-K = 

may be written in either of the following ways, 



lOOAx+Hy + Cz + L 
OlOHx + By + Fz+M 
1 Gx + Fy + Cz + N 
zyz K 



= 



or 



= 



1 Ax + Hy + Gx 
1 Hx + By + Fx 
1 Gx + Fy + Cx 
1 Lx 4- My -f Nx 
X y X 1 K 

Another form of the equation to a surface of the second order, similar 
to that to the reciprocal cone, will be given hereafter. 
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§ V. — On the Products and Powers of Determinants. 

Consider the same system of linear equations as before, and also the 
derived system, 

(1,1)'b, + (l,2)'w, + .. + (l.n)'K, = ». 
(2,1 )'a, + (2,2)'k, + •• + (2,«)'k» = », 



(n,l)'«, + (»,2)'«, + •• + (n,n)'«, = p. 



or 



{(l,l)'(l,l) + (1,2)'(2,1) + ..}x, + {(l,l)'(l,2) + (1,2)'(2,2) +..}*, + ..=», 
{(2,1)'(1,1) + (2,2)'(2,1) + ..}x. + {(2,l)'(l,2) + (2,2)'(2,2) +..}x, + ..=», 

• • • • • • • 

{(n,l)'(l,l) + (n,2)'(2,l) + :\x, + {(n,l)'(l,2) + (>i,2)'(2,2) + ..}ar, + .. =t>, 
the latter system then gives 

(l,l)'(l,l) + (l,2)'(2,l)+..(l,l)'(l,2)4-(l,2)'(2,2)+.. •• (l,l)'(l,n) + (l,2y(2,n)+ •• 
(2,1 )'(1,1) + (2,2)'(2,I) + . • (2,1)'(1,2) + (2,2)'(2,2) + • • • • (2,l)'(l,n) + (2,2)'(2,n) + • • 

• • • • • 

(»,l)'(l,l) + (n,2)'(2,l) + ..(n,l)'(l,2)+(n,2)'(2,2)+ •• •• (n,l)'(l,«) + (n,2)'(2,n)+ •• 
(2,1)'(1,1) + (2,2)'(2,1)+ ..(2,l)'(l,2) + (2,2)'{2,2)+ .. ..(2,l)'(l,«) + (2,2)'(2,n) + 

• • • • • 

(n,l)'(l,l)+(n,2)'(2,l)+ ..(n,l)'(l,2) + (n,2)'(2,2)+ .. .. (n,l )'(!,«) + (n,2)'(2,n) + 

on the other hand, writing the two systems of linear equations as one 
system thus, 

(l,l>r, + (l,2)j:3 + - + (!,«>:. - k, + * +..+ # =0 
(2,l>r, + (2,2>, + .. + (2,n)r, + « - tt, +..+ # =0 

{ih\)Xi + (n,2>, + .. + (n,n)x, + » + » +••- «,=© 
* +*+••+*+ (I ,!)'«, + (1,2)' ttj, + .. + (1,«)'«, = t>, 
•f + * + • • + * + (2,1)'«, + (2,2)' «, + . . + (2,n)'a, = », 

» + » +••+ * + («,l)'«i + (n,2)'«, + •. + (n,n)'tt« = ». 



Digitized by 



Google 



^ 



there may be deduced, 

(1,1) (2,1). .(«,!) » » 
(l,2)(2,2)..(n,2) * » 



* 



(l,n)(2,n) •■(»,») « # .. # 
-I » .. *(l,iy(2,l)'..(a,l)' 
» -1 ,. « (l,2y(2,2)'..(n,2)' 

» * .. -l(I,n)'(2,n)'..(n,n)' 

so that comparing the two systems, 
(1,1)'(1,1) + (1,2)'(2,1)+.. (l,l)'(l,2) + (l,2)'(2,2) + 
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*,= 



* * •• ♦ Ol 


Vt " Vn 


(1,2)(2,2)..(«,2) * 


* •• * 


• • • • • • 

(l,n)(2,n).. (n,«) « 


■ • • • 

* •• * 


-1 » .. * (1,1)' 


(2,1)' -.(M)' 


» -1 .. ♦ (1,2)' 


(2,2)'.. («,2)' 



(2,1)'(1,1) + (2,2)'(2,1) + 
(n,l)'(l.l) + (n,2)'(2,l) + 



(2,l)'(l,2) + (2,2)'(2,2) + 
(«,l)'(l,2) + (n,2)'(2,2) + 



-l(l,ny (2,n)' ..(n,ny 



.(l,iy(l,n) + (l,2y(2,n) + 
.(2,iy(l,«) + (2,2y(2,n) + 

• • • 

.(a,l)'(l.n)H-(fi,2y(2,tt) + 



(1,1) (1,2) .. (1,11) 
(2,1) (2,2) .. (2,B) 

• • • • • 

(n,l) (B,2) •• (b,b) 



(i,iy(i,2y..(i,ny 

(2.iy (2,2y..(2,ny 

• • • • • 

(n,iy (n,2y..(«,ny 



With respect to the formation of the constituents of the product, it 
may be noticed that if the first member of the above equation be 
written thus, 

(i,ini,2r..(i,nr 

(2,in2,2)-..(2,nr 



and the equation thus, 



(n,l)"(n,2)'^.(n,n)' 



v" = vv' 



then (i,y)" is the sum of the products formed by taking in order the 
terms along the tth horizontal row of v' and multipl3ang them by the 
terms along the ^th vertical row of v (or vice vers4) ; or since the 
vertical rows may be changed into horizontal, it may be said that (i, jY' 
is the sum of the products made by taking the terms along the ith 
horizontal row of v with those along the j^'th horizontal row of v' (or 
vice versi). 
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In the case where 

(2,1)' = (1,2) 



(1,2)' = (2,1) 
(2,2)' = (2,2) 



(!.«)' = (n,l) 
(2,n)' = (n,2) 



(ffl,l)' = (M) («,2)' = (2,n) .. («,n)' = (n,«) 

the above expression becomes 
(1,1)» + (2,1)* +..(1,1) (1,2) + (2,1) (2,2)+. 
(1,2) (1,1) + (2,2) (2,1)+.. (1,2)« + (2,2)« +. 



(l,l)(l,n)+(2,l)(2,n)+. 
(1,2) (l,n) +(2,2)(2,n) + 



(l,n)(l,l) + (2,n)(2,l) + 



(l,n)(l,2) + (2,n)(2,2) + 
(1,1) (1,2).. (l,n) « 
(2,1) (2,2) ..(2,n) 



(l,n)« + (2,n)» + 



(11,1) (n,2) .. (B,«) 

Conversely the product of two determinants or the square of a deter- 
minant may be resolved into a single determinant, as above. 

Hence the following : 

Theorem XI. A deierminani whose constituents are linear Junc- 
tions of given constituents, the coefficients being the same 
for each horizontal row, is equal to the product of the two 
determinants whose constituents are the given constituents and 
the coefficients respectively. 

This formula is capable of many applications, some of which are 
shown in the following examples. 

The condition that three straight lines lie in a plane is independent 
of the direction of the co-ordinate axes; in fact, the condition in 
question is, as was shown above, 

= 



/ 


m n 


r 


m' n' 


I" 


to" n" 



and if the directions of the co-ordinate axes be changed, this becomes 
al + ^m +yn a'l + ^m + r/n a!'l + ^'m + i/'n 
ai + /8m' + 7»' a!V + ffm' + ^n' 
a'V + /^to" + yn" 



aX' + /8m" + TJi" 



a /3 7 




I m n 


a' ff i 




r m' «' 


«" ^' i' 




r m" n" 



a'7 + /9"m' + 7"n' 
a'T + ^'m" + 7"«" 
= 
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which comcides with the original condition, since the first factor 
cannot vanish, as the three co-ordinate axes Cannot be in one plane. 

The condition that a surface of the second order has no centre is 
independent of the direction of the co-ordinate axes; in fact, the 
condition is 

A H G =0 
H B F 
G F C 

which by a change of the direction of co-ordinate axes, and by writing 
for brevity 

Ax^ + .. = Aa:« + By* -f Cz« H- 2 (Fyz + Gzx + Uxy) 

= Axf + Byi; + Cz?-f- F(y?+ zv) -f G(zf 4- xQ + H(:ny + yf) 



AP+ . 
Aml + 
Anl + 



Aim 4- 
Aw? -f < 
Anm + 



Ato+ • 
Amn + 
An* + • 





I m n 

V m' n' 

V m" n" 


3 



A H 


G 


H B 


F 


G F 


C 



= 



which, as in the former case, proves the proposition. 

The following examples are taken fix)m an interesting Memoire by 
M. Joachimsthal. Crelle, tom. xxxix. 

Let the equation to a conic section be 

and let (^,^), (^',y)j (jr",y)be three points either situated upon 
the curve or not ; also let 



^+g-i = (i,i). 



-^+ -^ 1 - (2,3), 



then writing 



1,2,3 I = 



s^s-'= 


(2,2), 


a« ^ 4^ 


(3,3). 


J = 


a b 


1 






a b 


1 






a b 


1 




- 


ab 









1 = (3,1) 


'^ + ^-l=(1.2). 


1 1,2,8 1' = 


£ JL 




a b 




a b 




a b 


= - 


M^ 



-I 
-I 
-1 



D2 
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where A is the area of the triangle whose angular points are at (or, y), 
(^> y ), (ir", y ), there results 

I 1,2,3 I I 1.2,8 I' =-^; 
but by the theorem of the present section 



1,2,3 I I 1,2,8 i' = 



(1,1) (1,2) (1,3) 
(2,1) (2,2) (2,3) 
(8,1) (3, 2) (8, 3) 



and consequently 

A = iab{ - (1, 1) (2,2) (3,3) + (1,1) (2,8)« + (2,2) (8,1)* + (3,3) (1,2)* 

-2(2, 3) (3,1) (1,2)}* 

This fi)rmula com|mses a large number of theorems. 

When the triangle is inscribed in the conic 

(l,l) = 0, (2.2) = 0, (3,3) = 
and if ^ ^, A be the chords joining the points two and two, and 
F, G, H the semi-diameters respectively parallel to/,g,h, 

and consequently 

* FGH 
which expresses, that, twice the area of a triangle inscribed in an 
ellipse is to the product of the principal axes as the product of the sides 
is to the product of the diameters parallel to them. 

If the ellipse becomes a circle, 

a=i=F=G=H=r 

where r is the radius of the circle, and consequently 

and dividing this by the corresponding equation in the ellipse, 

FGH 



r s= 



ab 



Digitized by 



Google 



29 

and consequently 

The radius of a circle which passes through three points on an 
ellipse is equal to the product of the semi-diameters parallel to 
the sides of the inscribed triangle, divided by the product of the 
semi-axes. 

The equation to the conic, when referred to one of its foci as the 
origin, is 

And if UjVjWhe the three focal chords parallel to the three sides 
of an inscribed triangle, s another focal chord perpendicular to the 
major axis, and r the radius of the circle passing through the angular 
points of the inscribed triangle, there would be found, by a process 
similar to that used above, 

1 //uvw\ 

In the general formula given above, when the three points are con- 
jugate, that is to say, when the polar of each passes through the other 
two, we have 

(2,3) = 0, (3,1) = 0, (1,2) =:0 

-2 +"^2 ) is equal to the distance of any point 

from the centre of the conic, divided by the semi-diameter parallel to 
that distance ; so that if e, e', e" be the distances of the three conjugate 
points from the centre, and rf, d\ d" the semi-diameters respectively 
parallel to them, the area of the triangle will be given by the equation 



§ VI.— On inverse Systems, and Determinants of Determinants. 

CoNsiDBR the linear equations 

(1,1)*, + (1,2)*, + .. + (l,n)x, = «, 
(2,1)*, + (2,2)*, + .. + (2,a)*. = u. 

(n,l)*, + (»i,2)*, + . + (B,n)*, = «, 
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the solutions of which may be thus written, 

I 1,2, •• » I X, = [1,1]«, + [1,2]m, + •• + [l,n]K. 
I 1,2, .. B I a:, = [2,1]«, + [2,2]«j + •• + [2,B]a» 

• • • • • • 

I 1,2, .. n I X, = [w,l>i + [n,2]Mj + -. + ln,n]u^ 

where the values of [1,1], [1,2], . . are known by what is gone 
before, bemg in fact the coeflScients of (1,1), (1,2), . . in the develop- 
ment of I 1,2, . . n I when the rows in which those quantities stand are 
respectively taken first in the development. The functions [1,1], 
[1,2] . . possess some remarkable and useful properties, which it is now 
proposed to investigate. 

In the first place it is seen by multiplying the last, or, as it will 
generally be called, inverse system of equations by the factors 

(1,1), (1,2,) ..(l,n) 
(2,1), (2,2), .. (2,n) 



(n,l), («,2), .. (ii,n) 

that the following relations are produced 

(l,l)[l,l] + (l,2)[2,l]+..=v, (l,l)[l,2]+(l,2)[2,2]+..=0, 



(l,l)[l,n]+(l,2)[2,n]+..=0 
(2,l)[l,n] + (2,2)[2,n]+..=0 

(n,l)[l,n]+ (w,2)[2,«]+ • • = V 



(2,l)[l,l]+(2,2)[2,l]-f .. =0, (2,l)[l,2]H-(2,2)[2,2]+ .. =v, 

(7i,l)[l,l] + (ii,2)[2,l]+.-=0, (n,l)[l,2]+(n,2)[2,2]+ ..=0, 

where 

V= I 1, 2, .. n I 

and forming the determinant of the expressions on the left hand sides 
of these equations, and also that of those on the- right hand sides, and 
equating the results, it is found 

(1,1)[1,1] + (1,2)[2,1]+..(1,1)[1,2] + (1,2)[2,2]+.. .. (l,l)[l,n]+(l,2)[2,»]+.. 
(2,l)[l,l]-f(2,2)[2,l]+ ..(2,l)[l,2]4-(2,2)[2,2]+.. -. (2,l)Cl,n]-h(2,2)[2,«]+ .. 

• . . • • • • 

(n,l)[l,l]-f (n,2)[2,l]4- ••(n;i)[l,2] +(ii,2X2,2]+ -. .. (n,lXM] + (2,2)[2,n]+ .. 



V * 
* V 

« #1 
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(1,I)(1,2)..(1,«) 
(2,1)(2,2)..(2,b) 

• • • 

(B,l){n,2) .. («,n) 
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[l,l][l,2]..[l,n] 
[2,1] [2,2] .. [2,n] 

[n,l] [11,2] .. [n,n] 



= v 



I.e. 



[1,1][1,2]..[1,«] 
[2,l][2,2]..[2,n] 



= v-' 



[n,l][«,2] -.[BjB] 

A more general theorem may, however, be deduced as follows : when 

«, = 0, Ua= 0, •• M, = 0, 
the latter equations give rise to the following, 

[t + l.i + l]a,+, + [t + l,i + 2]«<+, + .. + [t + l,n]ji, = | 1,2, •• n \ *,+, 
[t + 2,« + l]a,+i + [« + 2,t + 2]tt<+, + •.+[» + 2,«]«, = I 1,2, •• n I x,+, 

[n,t + l]a.+, + [B,» + 2]«,+2 + •• + [n,Bjw, = | 1,2, •• n | x. 



"Whence also the inverse system. 



[t + l,f + 1] [t + 1,1 + 2] •• [i + l,n] 
[t + 2,» +1] [t + 2,1 + 2] •• [i + 2,n] 



[n,t + 1] [n,t + 2] 



[n,n] 



«*+i 



= 1 1,2, •• n 



[t + 2,t + 2] [t + 2,1 + 3] . . [t + 2,m] 
[t + 3,» + 2] [«• + 3,1 + 3] .. [t + 8,n] 



[n,» + 2] [«,1 + 8] 



[«,n] 



«*+i + 



Now writing the first i equations of the given system thus, 

(l,l)x, + (l,2)x, + .. + (l,t>,= - (l,t + l)x,+ , - - - (l,n)x„ 
(2,l)x, + (2,2)x, + •• + (2,»)x,= - (2,» + l)x,,., - .. - (2,n)x, 

• •••• • ••■ 

{i,l)xi + (f,2)ar, + •• + (i,t>,- = -.(£,«+ l)^,^ i - .. - (t,n>r« 
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there may be deduced, 
(1,1) (1,2) .. (1,») 
(2,1) (2,2) .. (2,0 



(1.1) (1,2) .. (v) 

(1.2) (1,8).. (1,1) 
(2,2) (2,3) .. (2,1) 

• • • • • 

(a,2) (1,3) .. (f,l) 



(1,0 (1,1) •• (l,t - 1) 
(2,0(2,1).. (2,t-l) 



(M)(i,l) .. (m-1) 
or I 1,2, • • a I X, = ± 



X, = - 



X, = — 



(1.»+1)(1,2).. (1,0 
(2,t + l)(2,2).. (2,0 

• • • • • 

(£,t + 1) (f,2) .. (t,0 

(l,t + l)(l,3) .. (1,1) 
(2,1+1) (2,8) ..(2,1) 



• • • 



*r+i- 



*r+i — 



(M + 1) (t,3) .. (t,l) 

x,= - (l,t+l)(l,l).. (l,i-l) x,+ ,- 
(2,.- + 1) (2,1) .. (2,t - 1) 

• • « • • 

(i,t+l) (t,l) .. (M-l) 

(1,2)(1,8).. (l,i + l) x,+ ,.., 
(2,2) (2,8).. (2,» + l) 

• • • • • 

(t,2) (t,3) .. (t,t + 1) 



I 1,2, •• »• I *. = 



(1,3) (1,4) .. (1,1) 
(2,3) (2,4) .. (2,1) 



^* + i ••» 



I 1,2, • t I X, = ± 



(1,3) (t.4) •• (i,i) 
(l,i+l)(l,l)..(l,t- 1) 
(2,»+l)(2,l)..(2,t-l) 



• • i 



'«+i 



(M+l) (<,1) .. (i,t-l) 

80 that 

«,+, = (» + l,l)x, + (i + l,2)x» + . . + (f + l,t + l)x,^, + . . 
= I 1,2, .. a|-' I 1,2, .. t + 1 I x,+, + .. 

and consequently, substituting in the former expression for u,^, and 
equating the coefficients of ^i^i 

[f + 1,» + 1] [«• + 1,1 + 2] .. [«• + l,n] 
[i + 2,t + 1] [i + 2,1 + 2] ■ . [i + 2,n] 



[«,» + 1] [n,t + 2] 

[t + 2,1 + 2] [t + 2,t + 3] .. [«• + 2,n] 
[»• + 8,1 + 2] [» + 8,a + 3] .. [»• + 3,n] 

• • • • • 

[n,i + 2] [n,a + 8] •• ln,tt] 



|l,2,..n|'l,2,..tl|l,2,-t + l|- 
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and similarly performing this method of reduction (J ) times, it would 
at length be found that 

[«• + l,t + I] [t + l,t + 2] •• [t + I,n] 
[t + 2,1 + 1] [t + 2,a + 2] •• [t + 2,n] 



[»,» + !] [n,» + 2] •• [n,n] 

ii+j+ hi+J+ 1] [t +J+ 1,»+^'+2] •• {i+j+ 1,b] 
[»+j+2,»+^-+ 1] [»+j+2,tt;+2] •• [i+i+2,n] 



I l,2,..n|^|l,2,..t| 
x|l,2,..t+^-|-' 



[M+i+1] [«,«+i + 2] •• [ii,n] 
This formula includes as a particular case M. Jacobi's theorem, 
viz. if 

i+j+ 1 =» 
tlien 



[»+ 1,»+ 1] [f + l,t + 2] .. [i+ l,n] 
[t+2,t + l] [i+2,t+2].. [j+2,n] 



= ll,2,..n|-*-'||1.2,..t||l,2,..a-l|-'[if,n] 
= |l,2,..n|-" 1 1,2... 1 1 



[«,»• + 1] [n,t + 2] - [n,»] 
As particular cases of the latter theorem the following may be 
noticed, 

I [« - l,n - 1] [n - l,n] 

I [>«,» - 1] [«.n] 

[n— 2,Ji— 2] [n— 2,n— 1] [n— 2,b] 
[n-l,n-2] [n-l,n-l] [«-l,n] 
[n,»-2] [«,»-!] [n,n] 



= |l,2, •• n| 1 1,2, •• n — 2| 
= I 1,2,.. a I* I 1,2, -.n-a 



[2,2] [2,3] .. [2,«] 
[8,2] [8,3] .. [3pt] 

• • •• • 

[»,2] [n,8] •• [n^"] 

[1,1] [1,2] •• [l,n] 
[2,1] [2,2] .. [2,«] 



= I 1,2,.. a I -» (1,1) 



= I 1,2,..«|-' 



[n,l] [B,2] .. [fi,n] 

There is a large class of determinants whose constituents satisfy the 
conditions 

« (1,2) = (2,1), ..(l,n) = (a,l) 

(2,1) = (1,2), * ..(2,n) = (n,2) 

• • • • • 

(n,l) 5= (1^), (n,2) =c (2,n), . . « 

E 
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and it is observable that by taking the system of conditions between 
(1,1), (1,2) . . , and [1,1], [1,2], . . given in the early part of this 
section, and omitting those lying upon the diagonal, there may be 
deduced 

[1,1] : [1,2] : ..[i,n] = [1,1] : [2,i] : ..[«,!] 
: [2,1] : [2,2] : ..[2,n] : [1,2] : [2,2] : ..[n,2] 



: [a,ll : [>i,2] : ..[n,n] : [l,n] : [2,n] : ..[»,»] 



or 



[2,1] = [1,21 



[1,2] = [2,11 

* 



[l,n] = [11,1] 
[2,n] = [«,2] 



[ii,l] = [l,«l [n,2] = [2,nl .. * 

It is perhaps worth while to write down the developments of the 
determinants belonging to this class for the cases n = 3 and n = 4. 
These are as follows ; £ot n = 3, 

(l,l)(2,2)(8,3)-(l,l)(2,3)«-(2,2)(8,l)«-(8,3Kl,2)»+2(2,a)(8,l)(l,2) 

and for n = 4, 

(1,1) (2,2) (3,3) (4,4) 

-(2,2) (3,3) (l,4)«-(3,3) (1,1) (2,4)'- (1,1) (2,2) (3,4)» 

-(1,1) (4,4) (2,3)*-(2,2) (4,4) (3,l)»-(3,3) (4,4) (1,2)» 

+ (2,3)»(1,4)» + (3,1)H2,4)» + (1,2)»(3,4)» 

-2{(1,2) (1,3) (4,2) (4,3) + (2,3) (2,1) (4,3) (4,1) +(3,1) (3,2) (4,1) (4,2)} 

+ 2(1,1) (2,3) (2,4) (3,4) 

+ 2(2,2) (3,1) (3,4) (1.4) 

+ 2(3,3) (1,2) (1,4) (2,4) 

+ 2(4,4) (2,3) (3,1) (1,2) 

The equation to a cone, or other surface of the second order, may 
now be expressed in the same form as that to the reciprocal cone ; for, 
adopting a usual notation, let 

a = [1.1], 29 = [2,2], ®=[3,3] 
jp = [2,3] = [3.2], (15= [3,1] = [1,3], ?^=[1,2] = [2,1] 
the equation to the reciprocal cone will be 

ap + 9Bi,« + ccr* + 2(ihr+ <ffis? + l^f^) = 
so that unless 

= 



A 


H 


G 


H 


fi 


F 


G 


F 


C 
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a process similar to that employed in § III. will give for the equation 
to the cone reciprocal to that above given, i.e. to the original cone, 






= 



© iF 

X y 

As an example, let it be proposed to investigate the conditions that 
the roots of the equation 

(1,1) -d (1,2) .. (],n) 

(2,1) (2,2) -e - (2,n) 

• • •• • 

(n,l) (n,2) •• {n,n)-e 

(in which it is supposed that (1,2) = (2,1) . .) shall be all positive. By 
what has been shown before, this equation may be resolved into systems 
of the following form, 

(l,l)ar, + (l,2)x, + .. + (\,n)x, = d,«, 

(2,1)*, + (2,2)a:, + •• + (2,»)a:, = 5,a:, 

(a,l)*i + (n,2)arj + •• + («,»)«» = Oyx, 
where $, is a root of the given equation ; the other systems being formed 
by writing, y„ yj, . . y„ flj . . successively for Xi, ar„ . . x„ di. And if the 
systems of variables :r, ^, . . be subject to the conditions 






+ *»• = 1 
• + y«' = 1 



the following equations may be formed, 

(l,J)ar,« + .. + 2(I,2)a:i«j +••=«, 
{1,1K + • • + 2(l,2)y,y, + • . = 5, 

• • • • • • • 

t,, 4„ . . being the roots of the given equation. The following inverse 

systems may be easily formed ; 

[l,l>i + [l,2>, + .. + [l,n>, = e,x, 
[2,1>, + [2,2>, + .. + [2,n>, = e,xj 

• • • • • * 

[«,l]xi + [n,2]x, + • • + \n,n\x, = ejx, 

[i,i>,* + . . + 2[i,2]x,Xi, + . . = e, 

[l.l]yi* + • • + 2[l,2]y,y, +•• = ©, 

• • • • • « .1 

E 2 
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where 

|1,2...«| 

and similarly, by using the expressions [1,1],-, [1>2]^ . ., | 1,2, . .i|, 

there might be formed the inverse systems when {n — i) of the variables 

are equated to zero, and { out of the n variables are selected for the 

transformation. 

Now since one condition of the problem is obviously 

I 1, 2, . . n I > 

it will be sufficient for the present purpose to determine the relations 

among the coefficients, in order that the above systems of quadratic 

functions, or those formed when i variables only are used, may remain 

positive for all values of the variables. And since the n variables 

or,, Xj, . . ar„, are subject to only two conditions, (n — 2) of them will 

remain independent, and if all the groups of (n — 2) be successively 

equated to zero, there will result a series of conditions, of which the 

following is one, 

(1,1) *i* + (2,2) ara« + 2(1,2) x, ^^ > 

these give rise to a series of conditions among the coefficients, of which 
the following is one, 

I 1,2) >0 

The inverse system in the case of two variables presents no new 
feature, but if the inverse system be formed with three variables, and 
one of them be then equated to zero, there will be formed with 
oTi, Xti OTi, the following system of conditions, 

[2,2>,« + [3,3],^3* + 2[2,3]aarira > 
[S^SVs* + [l,l],^i« + 2[3,l]aaraar, > 
[1,1 W + [2,2W + 2[l,2iari«i > 
whence also the following, 

(1,1) I 1,2,3 I > 0, (2,2) I 1,2,3 I > 0, (3,3) | 1,2,3 | > 

with similar conditions for all the other ternary combinations of the 
variables. 

Again, with oTi, ots, or,, x^^ there would be formed six conditions, of 
which the following is one, 

[l,l]4a:i« + [2,2W + 2[l,2>iX, > 
there would be thence deduced 

I 2,3 I 11,2,3,4 I > 0, I 3,1 I 11,2,3,4 | > 0, | 1,2 | |1,2,3,4 | > 
I 1,4 1 1 1,2,3,4 I > 0, I 2,4 I 1 1,2,3,4 | > 0, | 3,4 | 1 1,2,3,4 | > 
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But, on account of the conditions found in the case of two variables, 
these are equivalent to only one, viz. 

I 1,2,3,4 I > 
with similar conditions for all the other quaternary combinations of the 
variables. 

Similarly, the next series of conditions would contain the following, 
I 1,2,3 I I 1,2,3,4,5 I > 
which, by what has gone before, is equivalent to 

(1,1) I 1,2,3,4,5 I > 
and similarly for all the other conditions belonging to this group. 
And hence generally, i being any positive whole number, there will 
be a series of conditions, of which the following form a pair, 

I 1,2, . . 2t I > 
(1,1)1 1,2, ..2i±l I >0 

the number of conditions in these cases will be respectively 

n(n-l) >* (n-2» -f 1) 

1,2.. (2e) 

and' 

foi 4. ,v n(n-l)..(n-(2»±l)-M) 
(«»± IJ 1^2.. (2t±l) 

and. the whole system of conditions may consequently be comprised 
under the two general formulae. 



(Ai,AO (A,, A,) 
(A.,AO (k^k,) 






(^Sft^lj) (*«»*2) •• (*2dA2/) 



> 0, (kj, kj) 



(Ai,Ai) (*!,*,) 



(A* *2ttl) 



(*2ftl,Al)(*2d:l5*3) •• (*2ttb*2ti:l) 



j being any number comprised between the limits 1 and (2i ±1) 
inclusively. 



§ VIL — Expressions for a Determinant and its Constituents in 
Terms of its differential Coefficients. 

It appears from the preceding section that a determinant may be 
expressed in any of the following forms, 

V = (1,1) [1,1] + (1,2) [2,1] + . . + (1,71) [w,l] 
= (2,1) [1,2] + (2,2) [2,2] + .. + (2,n) [n,2] 

= (n,l)[l,n] + («,2) [2,n] + •• + («,«)[«,»»] 
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and consequently 

• • • • • 

SO that Dv may be expressed as follows, 

Dv = [1,1]<1,1) + [2,1]<1,2) + .. + [n,l] <l,n) 
= [1,2] d(2,l) + [2,2] rf(2,2) + . . + [B,2] rf(2,n) 





: 


= [l,n]d(«,l) + 


[2,«]d(«,2) 


+ •• + 


[n,«]d(«,«) 


Inversely 


also, 














(1,1) 


dv 


(1,2) 


dv 
~d{%lY ' 


.(!,«) = 


■ d(n,l) 




(2,1) 


dv 

- dtl,2]' 

• 

dv 


(2,2) 


dv 

= d[2,2]» • 

• • 


. (2p») = 

• inn\ 4. 


-d[n,2-] 
dv 



Dv = (l,l)d[l,l] + (2,1)41.2] + •• + (»,l)d[l,«] 
= (l,2)d[2,l] + (2,2)d[2,2] + .. + (>i,2)42,»] 

• • • • • 

= (l,n) d[n,l] + (2,n) d[n,2] + •• + (n,n)rf[n,n] 
and similarly for the coeflBcients (2,1), (2,2), . . (3,1), (3,2), . . . . 

By means of these properties a certain class of linear equations may 
be reduced to a remarkable form. 

The solutions of the equations 

(l,l)xi + (l,2)a?, + .. + (l,n)^.== tt, 

(l,2)ar, + (2,2)ir2 + •• + (2,n)a?. = th 

• • • • • • 
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may be thus written, 



rf(l,l) rf(l,2) «f(l,n) 

• • • « • • 

and if there be a series of systems like the above in which the unknown 
quantities are 

• • ■ • • 

respectively, the coefficients remaining the same, and the second 
members of the systems being 

8(1,1), S(2,2) + ((1,2)), .. S(n,n) 4- ((l,n)) 

8(1,1) - ((1,2)), 8(2,2), .. S(ii,«) -f ((2,K)) 

• • •• • 

8(1,1) - ((1,«)), 8(2,2) - ((2,n)), .. 8(n,n) 

then 
V'M=5nX)*(*''> +5^)«<2,2) + ■• +5^)S(«.»)+* + ^)((1.2))+ •• +rf^((l,»)) 
V'u=^)«(M)+d^«(2,2) + ..+5^8(«,«)-j^((l,2)) + * •• +5gr)((2.«)) 

• • • • • 

V'-=5n^)«<»'»)+5^)«M + ..+^)8(«.«)-^((l,»))-5g^^^ + * 

whence 

or 

a^M+ ar2.2+ •• a?^ = 81ogV 

where 

^V = 2,2,^S(V) 

The following theorem, given by M. Malmsten, will exemplify the 
use of determinants and the notation above adopted. 
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Let it be required to find the nth particular integral of the equation 
(0,n) + P(0,n-1) + •• + T(0,0) = 
where 

(0.0) =y, (0.1) = |."(0.«)^ 

when (n— 1) particular integrals 

(1,0), (2,0), .. (n,0) 

are known. Suppose that 

(0,0) = (1,0)*, + (2,0)*, + .. +(n-l,0)*^, 

where ki, Ar», . . k^i are to be so determined that the above value of 
(0,0) shall satisfy the given equation. Suppose then, moreover, that 

(1,0)*', + (2,0)*', + .. + (n-1,0)*'^, =0 
(1,1)*', + (2,1)*'* + .. + (n-1,1)*'^, =0 

• • • • • 

(l,n-3)*', + (2,«-3)A', + .. + (n-l,n-3)*'^, = 

the solutions of which are 

*'i : *', : •• *'— ' 



(2.0) (8,0) 

(2.1) (3,1) 



(n-1,0) 
(n-1,1) 



(2,n— 3) (8,11-3) ••(»-!, n-3) 



: ± 



C8,0) (4,0) 
(3.1) (4,1) 



(1,0) 
(M) 



(1.0) (2,0) 

(1.1) (2,1) 



(«-2,0) 
(«-2,l) 



(l,n-3) {2,n-3)- -(11-2,11-3) 



(8,n-3) (4,n-3)..(l,n-8) 

= K] I K, : • • Ka_| 

suppose. On the other hand, by differentiating the expression for 
(0,0), we find 

(0,1) = (1,1)*, + (2,1)*, + 
(0,2) = (1,2)*, + (2,2)*, + 



(0,n-l) = (1,»-1)*, + (2,71-1)*, + 
+ (l,n-2)*',+ (2,«-2)*',+ 

(0,»)= (l,n)*, + (2,n)A, + 
+2{(l,n-l)*',+ (2,n-l)*', + 
+ (l,n - 2)*", + (2,n - 2)*", + 

Substituting these values in the given equation, there results 
(l,n-2)*",+(2,n-2)*",+ .. +(n- l,«-2)*",_,+ {P(l,n-2)+2(l,n-l)}A', 
+ {P(2,n-2)+ 2(2,n-l)} *',+ •• + {P(n- l,n-2)+2(n-l,n-l)}*'^,=0 



+ (»-l,l)*^, 
+ (n-l,2)A^ 



+ (n-l,»-l)*,.-i 
+ (n-l,n-2)*'^ 



+ {n — \ynyin-i 
+ (n-l,n-l)*'._i} 
+ (n-l,n-2)*"_ 
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but from the values of k\: k^: . . k'^i found above, and writing 

there follows 

k'\ = d'Kt + 0K\, k"t = 0'K^ + eK'„ .. k\ = 0'K, + 0K', 

But 

(l,n - 2)K, + (2,B - 2)Kj + . • + (n - l,n - 2)K^, 



and, as is easily seen, 
dx 



(1.0) (2,0) .. («-l,0) 

(1.1) (2,1) .. (n-1,1) 

• • • • 

(l,n-2)(2,n-2).- (»-l,n— 2) 



= V 



(1.0) (2,0) .. («-l,0) 

(1.1) (2,1) .. (n-1,1) 



(l,B-3) (2,11-8) •• (n-l,n-3) 
(l,B-l)(2,«-l) .. (n-l,n-l) 

Hence 

(l,»-2)K', + (2,n-2)K',+ •• + (n-l,n-2)K'^, = 
(l,n-l)K, + (2,n-l)K, + -. + («-l,n-I)K^, - y' 

So that the equation becomes 

^V + ePV + 2^7' = 



or 



| + ?r + P = o 



whence integrating 

or, substituting for in terms ofk^ and K^, and integrating again 

J V 
or writing 

. V ^ J </(t,n— 2) 

Hence, if 

yuyjj ••y»-i 

be (n - 1) particular integrals of the equation 
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this equation will be also satisfied by, 

where 






where y*^ is the nth differential coefficient of y with respect to or, and 
A has the value given above. 



§ VIII. — On redundant Systems^ and Groups of Determinants. 

The system 

(l,l)xi + (1,2)0:, + .. + (l,n)z. = Hi 

(2,l)xi + (2,2)*, + . . + (2,n)z. = u, 
• • • • • • 

(m,\)xi + (in,2)arj + • . + (m,n)x, = w« 
where m > n, may be called a redundant system, there being more 
equations than necessary to determine the imknown quantities. There 
are, however, some remarkable formulae connected with the solution of 
these equations, which may be here noticed. Suppose from the above 
system there be formed the following derived system, 

{\,\y'x, + (1,2)./', + .. + (\,nfx^ = V, 

(2^y% -h (2,2)''ar, + . . + (2,n)''x. = r, 
• . ... • 

(ii,l)";r, + (n,2)"*, + . • + (2,n)"x» = r, 

where 

(l,l)'a, + (l,2)'a, + .. + (l,Bi)'u« = », 
(2,1 )'a, + (2,2)'«, + .. +.(2,jii)'«, = », 

• • • • • • 

(n,l)'tti + («,2)'ii, -»-•.+ (n,m)'tt« = Vn 
so that the values of (1,1)'', (1,2)'', . . are obvious, being in fact 
identical with the constituents of the determinant discussed in § V. 

Then every group of n equations out of the first system will give 
as usual 

V(x,) = [1,1>, + Cl»2>, + •• + [l,nX 
V('») = [2,l>i + [2,2>, -f • • + [2,nX 

V(^») = C^l>i + Infill + •• + [«,nX 
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where Xi, s„ . . have been enclosed in parentheses to indicate that their 
values have been deduced from a redundant system. 

And the derived system will give 

V"x, = [l,l]"t;i + [I,2]"», + .. + [l,n]"t;. 
V"x, = [2,1]"», + [2,2]"», + •• + [2,n]"t;. 

• • • • • • 

But if there be formed a series of partially derived systems, that is, 
systems derived by taking into account in succession the groups of n 
only out of the given equations, or, in other words, by putting (m — n) 
of the quantities Uij u^ .. u^y in turn equal to zero, the quantities v'^ 
[1,1]'', [1,2]'', .. in each such system will be reduced simply to the 
determinants considered in § V. ; and in fact, when the first n out of 
the given equations are taken into account, or, which is the same 
thing, when in the equations immediately above 

w»+i = 0, ti,+a = 0, . • tt^ = 
then by the principles of § V., 

[1,1]- = [1,1] [1,1]', [1,2]- = [1,2] [2,1]', . . [l,n]- = [l,n] [«,!]' 

[2,1]- = [2,1] [1,2]', [2,2]- = [2,2] [2,2]', . . [2,n]- = [2,«] [n,2]' 

• • • • • 

[n,l]" = [«,!] [l,n]', [n,2]" = [n,2] [2,n]', • • [«,»]" = [«,«] [n,n]' 

so that the first group of equations wiU become 

VV'(*i) = [1.1] [l.l]'»i + [«.2] [2,l]'w, + .. + [l,nl [«,!]'». 
VvX'O = [2»1] [1.2]'t;, + [2,2] [2,2]'«, + -. + [2,n] [n,2]'t;, 

V7'('») = [».l] [Ml'Pi + [«.2] [2,n]'», + .. + [ii,n] [n^yv. 

Hence, summing all the corresponding equations of the various groups 
so formed, it is not difficult to see that by the principles of the addition 
and multipUcation of determinants 

2[1,1] [1,1]' = [1,1]", 2[1,2] [1,2]' = [1,2]", . . 2[l,n] [I,n]' = [!,«]" 
2[2,l] [2,1]' = [2,1]", 2[2,2] [2,2]' = [2,2]", • • 2[2,«] [2,n]' = [2,«]" 

2[n,l] [«,!]' = [«,!]", 2[«,2] [11,2]' = [n,2]", • • 2[«,n] [«,«]' = [n,n]" 

2VV'=V" 
F2 
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and consequently 



''-^?^' '»--2^^^ """2^^ 
The number of groups will be 

Jm-l)-.(>ii-n-hl) , „(m--l)..(n->l) 
l,2«.n l,2««(iii— n) 

Hence the following theorem may be enunciated : 

Theorem XII. If there be m linear eqications involving n variables, 
m being > n, or m = n, the valties of the variables may be 
determined by solving the partially derived systems correspond- 
ing to each group of n equaiions, and dividing the sum of the 
values so found, each multiplied by its respective determinant^ 
by the determinant of the completely derived system. 

A particular case of these equations is met with in the method of 
least squares ; for let 

the equations 

,(fU ^ ,rfU ^ ,dU^ 

will in fact give 

2(I,0{(l,t>i + (2,t>, + •• + (n,t>»-a,} = 
2(2,.){(l,i>, + ^2,i>, + .. + (n,a>»-tt,} = 

• • • • • 

2(n,i){(l,t>, + (2,t>j + . . + («,»>,-«,} = 

and will differ from those given above only in the conditions 
(1,1)' = (1,1), (1,2)'= (1,2), . . (l,m)'= (l,Bi) 
(2,1)' = (2,1), (2,2)'=(2,2), ..(2,m)'=(2,m) 

• • • • • 

(m,l)'= (»i,l), (m,2)'= (»i,2), • • (tii,m)'= {m,m) 

and consequently also 

[1,1]'= [1,1], [1,2]'= [1,2], .. [l,m]'= [I,»i] 
[2,1]'= [2,1], [2,2]'= [2,2],.. [2,m]'=[2,m] 

[»i,l]'=[»i,l], [m,2]'=[m,2], .. [>ii,>n]'= [i»i,m] 
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and finally, 

' 2V^ • -^ 2v^ ' " 2v* 

Hence also the following theorem may be enunciated : 

Theorem XIII. If there be m linear equations involving n variables^ 
m being >n, or = n, and if the valines of the variables dedizced 
frtna each group of n equations be multiplied by the square of 
its corresponding determinant, the sum of all such quantities 
divided by the sum of the determinants will express the values 
of the variables deduced from the equations by the method of 
least squares. 

The square of the determinant corresponding to each group is called 
the weight of the combination. 

Before quitting this subject there are one or two points which may 
be noticed. The solution of the equations arising from equating the 
partial differential coefficients of U to zero may be thus written, 

v'x, = [1,1]V, + [lo]Va -f . . + [l,7i]V„ 



where 



u' = (1,1)mi + (l,2>a + . . + (l,nK 
u\ = (2,l)tt, -f (2,2)w2 + • • + (2,nK 



u\ = (w,l;w, + (n,2K + • • + (w,n)tfn 
in which expressions the quantities 

v^ 2v^ v' _ 2v^ v^ _ 2V' 

[1,1J-^2[1,1]»' [2,2]^ "2[2,2]«' •* [«,nX-2[«,n]» 
are called the weights of the determinations of x^, ^„ . . x\. If only n 
observations be taken into account, the numerators of these expressions 
become simply v^. If « be the error to be feared in a determination 
whose weight is unity, the errors Ei, Ea, . . E„ to be feared in the 
above determinations will be, 
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§ IX. — On Skew Determinants. 

A detenninant whose constituents satisfy the conditions 

» (1,2) + (2,1) = 0, .. (l,n) + (n,l) = 

(2,1) + (1,2) = 0, * .. (2,n) + (11,2) = 

• • • • • 

(»i,l) + (l,n) = 0, (11,2) + (2,n) = 0, •• * 

is called skew. For the present it will be considered that 

(1,1) = (2,2) =..=(«,») = 1 

Consider then the system 

*, + (1,2>, + .. + (l,n>r, = u, 

- (l,2>c, + «, + •• + (2,n>, = ut 

• • • • • • 

- (l,«>r, — (2,n)r, — .. + x» = a, 

and also the derived system 

*i — (l,2)*s - •• - (l,n>, = », 
(1.2)x, + *» - .. _ (2,n)x, = e, 



(l,n)«i + (2,n)«j + •• + X, = », 
and let 

V{1,1} = 2[1,1] - V, V{1.2} = 2[1,2], 
. V {2,1 } = 2[2,1], V {2,2} = 2[2,2] - v, 



v{«,l}=2Cn,l], 
where 



V = 



V{«,2} = 2[n,2], 

1 (1,2) .. (l,n) 
-(1,2) 1 .. (2,n) 



v{l,n} = 2Cl,n] 
V{2,n}=2[2,«] 

V{n,n}=2[»i,n]-v 



-(l,n)-(2,n).. 1 

whence multiplying the given equations respectively by the &ctors 

{1,1}, {1,2}, .. {l,n} 
{2,1}, {2,2}, .. {2,n} 

• • • • • 

{«il}» {«j2}, .. {n,ii} 
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and bearing in mind the relations given at the beginning of § VI. there 
results 

{l,l}ai + {l,2}tt»+ .. + {l,a)u» = », 

{2,1}», + {2,2}m,+ .. + {2^}a. = »i 

" • • • • 

{n,l}Mi + {r,2}u2 + •• + {n,n}u, = », 

and, similarly, firom the derived system 

{l,l}»i+ {2,1}»»+ •• + {»,1}», = «, 
{1,2}», + {2,2}», + •• + {«,!}»» = th 



so that 

{I.l}'+{2.1}«+..{»,1}«=1, 



{1,2}{1,1} + {2,2}{2,1}+..{.^2}{«,1}=0, {l4J}«+{2;2}'+..{»^}'=l, 



{l,n}r, + {2,n}0} + •• + {n,n\Vn = Un 



{Uj{U} + {2.lH2^}+-(»,l}{«.2}=0, .•{l.l}{l.»} + {2,l}{2..}+..{ml}{,,,}=0 



{1.2}{l^} + {2^}{2,.} + ..{«4J}{..«}=0 



{I^}{1,1} + (2^}{2,1}+ •.{%»}{»,1}=0. {l^}(l,2} + {2„}{248}+ ..{»^}{».8}=0, .. {I,«}«+{2,»}'+ .•{«,.}»=1 

We have therefore found a system of w^ quantities {1,1}, {1,2} .., 
rational fimctions of ^n(«— 1) independent variables, (1,1), (1,2) . . 
and satisfying the conditions given above. 

The conditions above written give rise to a relation which is perhaps 
worth remarking ; in fact, forming the determinant of the quantities 
on the left-hand side of the system immediately above ; equating it 
to that formed firom the quantities on the right-hand side, there will 
be foimd. 



{1.1} {1.2} 
{2.1} {2,2} 



{l,n} 
(2,n} 



«s 1 



{«,!} {u,2} •• {thti} 

or, substituting for {1,1}, {1,2},.. their values, and extracting the 
square root, 



[1.1] -1 [1.2] ..[M] 
[2,l][2,2]-|..[2,n] 



[«,l][n,2].. [«,»]- I 



2»= ± 1 
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As an example let n = 3^ and 

-v 1 X 
^ -X 1 

then, for the inverse system, we have 

1 + X* \fi + V v\ — fi 

X/A — 1/ 1 + /A* /AV + X 
I/X+;A fAV — X 1+J^ 

and therefore, 

V{1,1} = 1 + X« -;a2 - v\ v{l,2} = 2(X^ + v), v{l»3} = 2(vX-. ;a) ' 

V{2,1} = SCX/A - 1.), v{2,2} = 1 - X«-f /A^-i/S v{2,3} = 2(Aiv + X) 

V{3,1 } = 2(vX + /a), v{3,2} = 2(/Ai; -X), v{3,3} = 1 - X« - ;a* + i;* 

which will consequently express the values of the nine direction- 
cosines in the transformation from one set of rectangular co-ordinates 
to another, the formulae of transformation being, 

X = (l,l}f + {l,2}ii + {1,3}? f = {1,1 }z + {2,l}y +{3,l}z 
y = {2,l}f + {2,2}i| + {2,3}? 1, = {l,2}x + {2,2}y +{3,2}r 
z = {3,1 }f + {3,2}i, + {3,3}? ?= (l,3}x + {2,3}y +{3,3}^ 

A skew determinant is said to be symmetrical when 



(1,1) = 0, (1,2) + (2,1) =0, 

(2,1) + (1,2) = 0, (2,2) = 0, 



(l,n) + (n,l) = 
(2,n) + (n,2) = 



(w,l) -f (1,«) = 0, (71,2) + (2,n) = 0, . . (n,«) = 

The given and derived systems then give 

ttj + Vi = 0, t^ + Vs = 0, • • u» + v^ = 

t?i + Ta + • • + t;, = 
and consequently, 

VXi = [l,i>, + [l,2>j-f .. +[l,n]u.= [l,l>, + [2,l>,+ •• +[n,l>. 

VXa=[2,l>i + [2,2]ii,+ •• +[2,n]^,= [l,2>i + [2,2>2-f .. +[ii,2>, 
•■ • ••• • • ••» 

Vx^=[n,l>i + [w,2>a+ .. +[w,n]tt.=[l,n>i4-[2,n]t;8+ .. +[n,n]r. 
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and consequently, 

2VJ^.= +([1,2] -[2,1])«,H- 

2v*2=([2,l]-Cl,2J)a,+ + 



+ ([l,n]-[n,l]K 
+ (C2,a]-[n,2])a» 



2rx,= ([n,l]-[l,n>, +([«,2] -[2,»])«j+ .. + o 

on the other hand 

= 2[1,1]k, + ([1,2] + [2,l])tt, + .. + ([l,n] + [«,!])«. 
= ([2,1] + [l,2])a, + 2[2,2]a, + •• + ([2,n] + [n,2])u, 

• • • • • , 

= ([ii,l] + [1,»])m, + ([n,2] + [2,n])a, + .. + 2[n,a]tt, 
and the comparison of these three systems gives either 

V = 

* [1,2], = [2,1], .. [l,n] = [n,l] 

[2,1] = [1,21 * •• [2,nJ=:[B,2] 



or 



[n,l] = [1,«], 

[1,1] = 0, [1,2] + [2,1] = 0, 

[2,1] + [1,2] = 0, [2,2] = 0, 



[I,»] + [n,l] = 
C2,n] + [11,2] = 



[n,l] + [I,n] = 0, [n,2] + [2,n] = 0, . . [a,«] = 
and consequently either a symmetrical skew determinant of an even 
order, or a determinant of an odd order, always vanishes ; but since 
it is found on trial that for n = 1,3, . ., v vanishes, while for n = 2, 4, . ., 
it does not, the following theorems may be enunciated. 

Theorem XIV. A symmetrical skew determinant of an odd order 
in general vanishes, and the system has for its inverse an 
unsymmetrical skew system. 

Theorem XV. A symmetrical skew determinant of an even order 
does not in general vanish, btct the system has for its inverse 
a symmetrical skew system. 

If n be even, a determinant of this class admits of the following 
reduction ; it is easily shown that 



» (1,2).. (l,n) 
(2,1) « ..(2,n) 

• ■ • • • 

(n,lXn,2).. * 



= (1,2)« 



« (3,4).. (8,n) 
(4,3) » ..(4,») 

• • • • • 

(n,3X»,4).. m 
o 



42(1,2)(1,3) 



(3,4X3,5).. (8,2) 
* (4,5).. (4,2) 

• » • • , 

(n,4)(n,5)..(n,2) 
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but 



(8,4)(8,5)..(8,2) 
4^ (4,6).. (4,2) 

• • • • • 

(M)(a,a)--(n.2) 
(3,2)(3,4)..(3,n) 
(4,2) » ..(4,b) 

• • • • • 

(»,2)(a,4)-- * 



I _ 



(3,2)(3,4)..(8,«) 
(4,2) » ..(4,n) 

• • • • • 

(n,2)(n,4).. « 

» (2,4).. (2,n) 
(4,2) « ..(4,n) 



1 _ 



(2,8)(2,4)..(2,n) 
(4,3) » ..(4,n) 

• • • • • 

(«,3)(n,4).. « 
♦ (3,4).. (8,») 
(4,3) » ..(4,n) 

• • • • • 

(n,3)(n,4)-- * 



(«,2)(n,4)-- * 

since the coefficients of (2,3) and (3,2), being symmetrical skew 
determinants of an odd order, vanish ;' so tluit finally, 



« (1,2).. (l,n) 
(2,1) » ..(2,B) 



4_ 



= (1,2) 



(«,l)(ji,2).. » 
If in the determinant 



♦ (3,4)..(3,B) 
(4,3) « ..(4,«) 

• • • • • 

(»,3)(n,4)-- * 



^+(1,3) 



« (4,6).. (4,2) 
(6,4) » ..(5,2) 

• • • • • 

(2,4)(2,5).. * 



(1,1) (1,2) .. (1,«) 
-(1,2) (2,2) ..(2,n) 



-(l,n)-(2,n) .. (B,a) 

the quantities (1,1), (2,2), . . (11^11) be put sunultaneously equal to zero, 
the terms independent of these quantities will remain ; if all but one of 
them be put equal to zero, those terms which involve that quantity will 
remain ; if all but two be put equal to zero, those terms which involve 
their product will remain, and so on ; so that a general skew determinant 
may be thus expressed ; 



(1.1) (1.2) 
-(1,2) (2,2) 



(l.») 
(2,») 



-(1,«)-(2,b).. (n,«) 



* 
-(1.2) 



(1.2) 



(l.«) 
(2,n) 



-(l,n)-(2,n) 



+(1.1) 



« (2,3).. (2,«) 
-(2,3) « ..(3,«) 



-(2,n)-(3,n).. 
+ ..+(1,1) (2,2) 



+ (2,2) 



» (8,4).. (3,1) 
-(3,4) *, ..(4,1) 

• • • • • 

-(3,l)-(4,l).. « 



W (3,4).. (3.a) 
-(3,4) « ..(4,71) 

-(3,B)-(4pi).. « 
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■(1,2) (2,2).. (2,n) 



.(l,n)-(2,n)..(n,n) 

+ (1,1)(2,2)((8,4) 
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» (3,4).. (M 
(8,4) « ..(4,a) 



• • • 



^ + (1,8) 



-(3,n)-(4,n).. « 

» (5,6).. (6,n) *+(8,6) 
-(6,6) « ..(6,n) 



» (4,6).. (4,2) 
•(4,6) « ..(6,2) 



-(4,2) -(5,2).. * 
(6,7).. (6,4) 



i+.-r 



-(6,7) * ..(7,4) 



and if n be odd, 



-(5,n)-(6,n).. » -(6,4) -(7,4).. » 

+ .. + (l,I)(2,2) ..(n,n) 



•r 



(1.1) (1,2).. (l,n) 

(1.2) (2,2).. (2,n) 



• • • 



= (1,1)((2,8) 



•(l,n)-(2,»)..(«,n) 

+(2,2)((8.4) 



« (4,5).. (4,71) 
-(4,6) « ..(6,n) 

• • • • • 

-(4,n)-(6,«).. » 



+ (2,4) 



» (6,6).. (5,1) 
-(5,6) « ..(6,1) 

• • • • • 

-(5,I)-(6,1).. « 



+ (8,5) » (6,7).. (6,4) 
-(6,7) « ..(.7,4) 



* (5,6).. (6,3) 
-(5,6) » ..(6,3) 

• ■ • • • 

-(6,3)-(6,8).. * 



+..)• 



-(6,4)-(7,4). 



+ .. +(l,l)(2,2)..(n,») 



§ X. On Functional Determinants. 

Thebe is a class of detetminants whose constituents are differential 
coefficients of functions of variables, and which are called functional 
determinants ; they are capable of numerous applications, and although 
subject to the same general laws of combination and development as 
ordinary determinants, possess many peculiarities, which make it neces- 
sary to discuss them separately. 

^fy f^y ' • fn^ functions of if, *„ . . jp, not independent of one 
another, but connected by some equation, such as, 

nsO 



then the eqiiations 



da 
dx 



= 0, 



ax\ 
g2 






-0, 
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hold good on account of the independence of jt, xi, . . x.; hence 

df dx dfi dx df^ dx 

df ~dxi dfi dxi df, dxi 



dn_df ^dn ^^ 
df dx» dfx dxi 



dfn dx. 



and consequently 



^ ^ .. ^- 

dx dx dx 

dxi dxi dx\ 

• • * • • 

dr, dx^ dx^ 

Conversely, if the latter equation hold good, the preceding system may 
always be satisfied, and the functions J^ J^, . . /^ are not independent. 

lifjfx^ . . f^he functions of the variables or, oTi, . . or,, independent 
of one another, and there be given the system of equations 

ax dxi dxn 



•i+-t^--+^i=^ 



then, considering x^ a;,, . . x, as functions of ^ /^ . . j^, the equations 
dx dx dx 



dx 
dx, 



dx 
dxi 



dx, 
dx, 



^«0, ^=1, .. ^ 



dx. 



dx. 



dx. 



^=0. ^; = o. .. ^^=1 
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give 

dfdx^.^idx^, _, ^^.^1^, _n ^^+^ «^_ft 

dx df dx 4f^"~^* dxi df dxxdfx^ "-^' " dx, df^ dx, dfi - " 

dX_dxi ^ dxi __ ^dxi d[idxi _ j^f^i.'^^i. _« 

dx df'^ dx d« "•"'■""' dxi df^ dxi d/i'^"-^' " dx,df^dr, ^,"^"~ 





dfdx, dAdx dfdx d[rdx 


and consequently 


.dx , . rfr , , ^ dx 
dxi dxi 4. / <*f I _ - 




df dfy, df. 


J£/,/i, ' '/n be functions of the variables x, xi, • 'X„ independent of one 
another, and there be given the equations 

df dfx df. 




"^+«'^+-+«-^ = '" 




• • •• • • 

df df tff. 



Then since 

df dx df dx, df dx dfdxy dfdxdfdxy 

4^ ifc <y dri ^ 4^1 dr d/i c£r, , dL dx df^ dxx 

dx df dxi dfi ^ dx dfi dxi dfi ' dx df dxi dfx 

• • •• • • •• ••• •,•• 

dx ^,^ dx, df,^ " -"^^ dxdf, + dx\df,+ "-'^* " dx df,+ dxi df,+ " - ^ 



there 


may 


be deduced 




















dx 

"df^ 
dx 
df 


dxi 

''^df^ 

dxx 


• • 

• • 


+ 
+ 


dx, 
"'df- 


«1 








dx dxi 


• • 


+ 


• 

dx. 


• 
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Hence also by what has been proved above, y^y?, . .f^ being independent, 
if 



then also 



and conversely. 



r = 0, ^1 « 0, 
« = 0, *i = 0, 



Comparing the solutions of the systems of equations given above with 
those which would be found by the ordinary method of determinants, 
and writing 

dx dzi ** dx^ 

*i^ .. ^ 
dx dxi '* dx^ 

• • • • • 



it is seal that 



dx dxi dx^ 



V^ = [0.0], v^ = [0.1], • • v^ = [o,«] 



^|=C«'«3. v|;:=[«.i],..v|; = M 



which may also be written in the i 


bllowing 


fonxis, 




dx 


■r,^ 

v 


t' 






^ df 


t 


r^^' 
V 


^'S, 




1 = 


dfi 


• 


dx 


1^' 




IE 


df* 



dx dxy 



dx^ 
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and inversely, 



= -ri^, 



is. 















-!■ 



i2. = . 

.rfr 

is.= 



dx 



-^^ 



diri 



^. ^dx: ^ ^dx: ^ ^dr. 

if df, df^ 

If the determinant fi)rmed from the expressions on the left-hand sides 
of the system in the preceding page be equated to that formed by the 
correspon^ng expressions on the right-hand side, the theorem for the 
multiphcation of determinants gives at once 



ss 1 



df df^^ df 
dx dxx dx^ 


dx dx 
df df, ' 


dx 
' df. 


dx dxi dx^ 


dxx dxi 
4f df 


^dxr 
df. 


• • • • • 
dfn df^^df, 
dx dxx dx^ 


• • • 

dx, dx, 
df df. 


« • 

dx, 
df. 



the same result might be obtained by substituting for [0,0], [0,1], . 
in the equation (see § VI.) 

[0,0] [0,1].. [0,»] 

[1,0] [1,1].. [1,«] 

• . •• . 

[n,0] [«,!]•• Ifhn] 

In connexion with which the following formula may be noticed : 

If/i/, • */• are related by the (n + 1) equations, 
F = 0, Fi = 0, •. F,= 
n of the (^+1) variables may be eliminated from each of these last 
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functions, so that each may be considered as a function of a single 
variable, and of the functions ^^, . .^; and consequently 

dx df dx dxi dj dxi dx^ df dx^ 

dx^ df dx^ ' dx, dfdx, ' dx^ df dx. 



= 



= 



dx df dx dxi df dxi dx^ df dx^ 



= 



transposing the terms -7-, t— 1 • • and equating the determinant formed 

from the expressions on the left-hand sides of these equations to that 
formed from those on the right, the formula for the multiplication of 
determinants gives 



dF 


dF 


dF 


= 


dF dF 


dF 


dx 


dx\ 


" dx. 




df df 


"df. 


dF, 


dF, 


dF, 




dF, dF, 


dF, 


dx 


dx, 


• • . 




df df. 


df. 


dk 


dF. 


• • • 

,.d^» 




• • 

rfF, <fF, 


• • • 

..rfF. 


dx 


dx. 


dx. 




df df, 


dj: 



(-)" + » dF ^ dF = dF^ dF ^dF_ J^^ ^ 

dx dx, " dx, 
^.dfidf^ 
dx dxx dx^ 

m • • • • 

dx dxi '* dx^ 

Determinants are useful also in the transformation of multiple 
integrals, and lead to a simple solution of the general problem which 
may be thus stated ; let 

V =//••• Ucirdr,..dr, 

and suppose it be required to transform the integral to one in which 
yj !/i9 • • !/• shall be the independent variables, then 



dy "^ dyx 
dy "^ dyx "^ 



,dxxj 



and since ^, ^1, . . x^ vary independently, we must put 

dxx = 0, dxa = 0, • • ctr, = 
in order to find dx ; this gives 

and consequently dx and dy vanish together, (the value of Vi is 
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obvious). And therefore for the determination of the remaining 
differentials there exist the equations 

dyi *^ dy^ -^ dy^ "^ 



«. ^2 



d!r< 



dx^ 



dx^ = -irfy, J^^dy^^- . . + ^Vy. 



^yi 



dy. 



dyn 



proceeding as before, and putting 

dx^ = 0, dxz = 0, • • £/x„ = 
there will result 

and so on successively until 

vJyn = dx^ 
hence multiplying all these expressions together, and dividing out the 
common factor, 

there will finally result 

Vrfy dyi • • dy^^ =: dx dxy • • dx^ 
and consequently 



If 
and 



U = 



(0,1) = ^=0, (o,2) = ^=o, .. M = ;;^=o 



dxq 



dx\ 
then differentiating, 

(1.1) dxi 4- (-2,1 ) (ira + " + K^) ^n. = 

(1.2) dx, -f (2,2) rfjTj + • • -h (»i,2) dr« = 



( I,n) dx^ + (2,n) dara + • • + {n,n) dx^ = 



and 



V = 



(1,1) (1,2).. (M) 
(2,1) (2,2).. (2,71) 

• • • • • 

(n,l)(ti,2) .. (n,w) 

H 



= 
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and the preceding system gives 

\idxi = [1,1], X,<fe, = [1,2], . . \xcbr, = [l,n] 
X^, = [2,1], X^, = [2,2], . . X^, = [2,n] 

• • • « • 

\,dxi = [n,l], XjXi = [rt,2], . . \^n = [«>«] 
x„ Xj, . . A. being indeterminate multipliers. Suppose moreover that 

{0.1} = ^,. {0.2} = 5^, .. {0,n} = -£^ 

then, it being observed that (ij) = (j,i)> and [ij] = [y,t], it follows 

that 

{0,1} =(1,1,1) [1,1] + (1,2,1) [1,2] + .. + (l,n,l) [1,«] 
-«- (1,1,2) [2,1] + (1,2,2) [2,2] + .. + (l,n,2) [2,»] 
+ . . • • 

+ (l,l,n) [n,l] + (1,2,b) [n,2] + •• + (l,«,n) [n,n] 

= X,{(l,l,l)<ir, + (l,l,2)d;r, + .. + (l,l,7i)dr«} 
+ X,{(l,2,l)dic, + (1,2,2) &, + •. + (l,n,n)<ic,} 

i" • • • • • 

+X,((l,B,l)<ic, + (l,n,2)di, + •• + (l,n,n)dx,} 

whence the following system may be formed 

{0,1} = X,D(1,1) + X,D(1,2) + .. + X,(l,n) 
{0,2} = X,D(2,1) + X,D(2,2) + •• + X,(2,n) 

• • • •• • 

{0,n} = XiD(«,l) + X,D(»>2) + .• + \nD{fhn) 

where D indicates the total differential ; but since 

X^dxi = \idxff X^dxi = \idxzi • • X,^:ri = \idXf^ 
consequently 

and if tf be the common ratio of each quantity on the left-hand side 
of this system to the corresponding quantity on the right-hand side, the 
above system may be written thus, 

{0,1} = ^D^O,!), {0,2} = ^D*(0,2), .. {0,»} = eD%0,n) 
but since 

(0.1) = 0, (o,2) = 0, = (0,n)=0 
therefore also 

D«(0,1) = 0, DX0,2) = 0, .. D«(0,n) = 
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and consequently 
these again give 



{0,1} =0, {0,2} =0, .. {0,11} = 

{1,1}<&1 + {lfi}dxt + .. + {l,n}dr. = 
{2,l}dir, + {2,2}<ir, + •• + {2,n}<£c, = 

• • • • • 

{n,l}dxi + {B,2}ir, + •• + {«,«}&, = 



and consequently 



{1,1}. {1.2}, 
{2,1}, {2,2}, 



{!,«} 
{2,n} 



= 



{ji,!}, {n,2}, .. {n,»} 

From the above fonnulse the following relations are easily deduced, 

[1,1] : [1,2] : .. [!,«]= [{1,1}] : [{1,2}] : ..[{i,a}] 
[2,1] : [2,2]: ..[2,«] : [{2,1}] : [{2,2}] : •.[{2,»}] 

• •••• • • ••• 

[n,l] : [2,n] : ••[a,n] : [{n,l}] : [{n,2}] : •.[{«,«}] 
where [{ij}] is the inverse of {j,i}. This system also involves the 
following, 

(1,1) : (1,2) : ..(i,a) = {1,1} : {1,2} : ..{i,«} 
: (2,1) : (2,2) : ..(2,n) : {2,1} ; {2,2} : .. {2,n} 

• • ••• • • ••• 

: (n,i) : («,2) : ..(«,7i) : {11,1} : {«,2} : ..{n,n} 

This last system of relations was given by Dr. Hesse (Crelle, torn, xl.) 
with a demonstration by Jacobi. 

The above equations are applicable to certain questions in Geometry. 
Thus, in the case where ti = 3, the equation 

U= 

represents a cone when or, ^1, or, are the co-ordinates of a point ; and it 
represents a plane curve when the ratios of any two variables to the 
third are the co-ordinates of a point in the plane. This in fact is the 
same thing as forming a plane curve by the intersection of a cone and 
a plane. In order to find the condition for a point of inflexion on 
the plane curve, it will therefore be sufficient to find the condition that 
the principal (and consequently all the) radii of curvature of the cone 

h2 
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at a certain point (or, x^ x^) shall be infinite. The condition in question 
is, as is well known, represented by the system 

(0,1) = 0, (0,2) = 0, (0,3) = 
or 

(l,l)dri -h {\fi)dx^ + (l,3)dr3 ^ 

(2,l>ir, + (2,2)drj + (2,3)^3 = 

(3,l>£ri + (3,2)ir, + (3,3)rfr3 = 



and consequently 



= 



(1,1) (1,2) (1,3) 
(2,1) (2,2) (2,3) 
(3,1) (3,2) (3,3) 

This equation combined with that to the curve will determine the 
points of inflexion of the curve. It follows therefore that a curve 
of the wth order has in general 3w (w — 2) points of inflexion. 

The following example is taken from the Cambridge and Dublin 
Mathematical Journal. 

" Jacobi, in a very elaborate memoir, * Theoria novi multipUcatoris 
systemati asquationum differentialium vulgarium applicandi/ has demon- 
strated a remarkable property of an extensive class of differential 
equations, namely, that when all the integrals of the system except a 
single one are known, the remaining integral can always be determined 
by a quadrature. Included in the class in question are, as Jacobi 
proceeds to show, the differential equations corresponding to any 
dynamical problem in which neither the forces nor the equations of 
condition involve the velocities ; i. e. in all ordinary dynamical problems 
when aU the integrals but one are known the remaining integral can 
be determined by quadratures. In the case where the forces and 
equations of condition are likewise independent of the time, it is 
immediately seen that the system may be transformed into a system 
in which the number of equations is less by unity than in the original 
one, and which does not involve the time, which may afterwards be 
determined by a quadrature, and Jacobi's theorem applying to this new 
system, he arrives at the proposition, * In any djmamical problem 
where the forces and equations of condition contain only the co- 
ordinates of the different points of the system, when all the integrals 
but two are determined, the remaining integrals may be found by 
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quadratures only.' In the following paper, which contains the demon- 
strations of these propositions, the analysis employed by Jacobi has 
been considerably varied in the details, but the leading features of 
it are preserved. 

" § 1. Let the variables x^y^ 2?, . . &c. be connected with the variables 
u^ V, Wj . . by the same number of equations, so that the variables of 
each set may be considered as functions of those of the other set. And 
assume 

dxdy • • zs ^dudv • • 

If from the functions which equated to zero express the relations 
between the two sets of variables we form two determinants, the former 
with the differential coefficients of these functions with respect to 
UyVy . . and the latter with the differential coefficients of the same 
functions with respect to ^, y, . ., the quotient with its sign changed 
obtained by dividing the first of these determinants by the second is, 
as is well known, the value of the function v- 

" Putting for shortness 

&c. 

du du dv dv 

and 



du ^ du '^ 




du A du -D 


dv ., dv n, 



V is the reciprocal of the determinant formed with A, B, . . A', B', . . 

&c. Or it is the determinant formed with «, jS, . . «', /3', . . &c. 

" From the first of these forms, i. e. considering v as a function of 
A, B, . . 



11=-^-%=-^»-- 'A'=-^' 


^=-'^ 


where the quantities «, /3, . . a', jS', . . and A, B, 
interchanged, provided — v be substituted for 7. 


. . A', B', . . may be 


" Hence 




irfy + orfA + ySrfB . . + a'dA'+ fi'dE'- 


. =0 


or reducing by 

dA _ dB dM _dW 
dy'' dx " dy ^ dx " 
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this becomes 
1 

V 



or reducing 

whence separating the differentials and replacing A, A', . . B, B', . . by 
their values, 

1 ffy d du d dv 

^'di'^'dii'di'^di'di'^ •• =^* 

1 dy d du d dv 

(in which - v, w, t?, • . ^, y, . . may be substituted for v, ^j y, . • 

" § 2. Let X, Y, . • be any functions of the variables ^, ^, . . and 
assume 

U, V, . . being expressed in terms of u,v,.. Then 

dV dV _'v{£. du d do \ v/d du d dv x 

At'^ dv +"-Hdu' dx'^dv- dir+ 'V"*" 'V,5tt'^ + <fo'^+ ••,;•• 

•<fX du ■ dX dv X ^dY rf« rfY rf» x 



I.e. 



Also, whatever be the value of M, 

U—- — -f- V — -— + •• =: A + X — - — + •• 

au dv dx dy 

And from these two properties 

rfMVU . dMVV ^ _ __/dMX . rfMY 

+ 3 + 



du dv 



„/dMX ^ rfMY ^ \ 
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^^ § 3. Consider the system of differential equations 
cfcrrfy :&.. ==x : Y: Z-. 
(where, for greater clearness, an additional letter z has been introduced). 
From these we deduce the equivalent system 

diircfo: A(7-. = U: V: W.. 

Suppose that u and v continue to represent arbitrary functions of 
^^y^^y but that the remaining function U7, . .is such as to satisfy 
W = 0, . . (so that Wj . • may be considered as the constants introduced 
by obtaining all the integrals but one of the system of differential 
equations in or, y, z. .), we have 

dMVU ^ rfMyV ^ /^MX ^ rfMY ^ dUZ ^ \ 
da dv \ dx dy dz J 

Also the only one of the transformed equations which remains to be 
integrated is 

rfii : d!;= U : V, or Vdu - Vdv = 0, 

(in which it is supposed that U and V are expressed by means of the 
other integrals in terms of u and v). 

^^ Suppose M can be so determined that 

rfMX ^ dWi ^ dMZ ^ ^ 

dx dy dz 

(M is what Jacobi terms the multiplier of the proposed system of 
differential equations), then 

rfMVU _^ rfMVV _ ^ 
du dv 

or Mv is the multipUer of Vrfw— Ucfo = 0, so that 

fUViWdu - Vdv) = const- 
" Hence the theorem : — * Given a multiplier of the system of 
equations dx: dyi dz ••= X: Y: Z • . (the meaning of the term being 
defined as above), then if all the integrals but one*of this system are 
known', the remaining integral depends upon a quadrature.* " 
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